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Differential Equations

Xnumbers and FDsolver' contain functions for solving 1% order differential problemswith initial
conditions (Cauchy’ s problem).

y=tty) L y(t)=Ye
and for solving 1% order differential systems.

1yf= ftyLYoYn)  a@h(to) =Yy 9
Jli y$=f,(t, ¥, Yo ¥,) Qyz(to) = yzof
. <. s
fyg=f.(ty. Yo ¥0) §yn(to) =Yoo

y(:f(tvy) ’ y(to) :yO U

Runge-Kutta formulas
The function ODE_RK4 integrates numerically a 1% order ordinary differential equation or a1% order
differential system, with the Runge-K uttaformula of 4" order

k= f(t, %)

k,=f(t +0.5h,y, +05hk)
k,=f(t +05h,y, +0.5hk,)
k,=f(t +h,y, +hk)

Yia=Y, +2(k1+2k2 +2k3+k4)

= ODE_RK4(Equations, Varlnit, Step, [Par, ...])

"Equations" is a math expression string containing the equation to solve. For a(n x n) system, it isavector
of m equations. Correct equation definitions are:

y' = -2%y*x , V' = 2*X-VvA2+v , yl' = -3*yl+y2+si n(10*t)

Each string may contain symbolic functions with variables, operators, parenthesis and other basic
functions (for a complete list see the Xnumbers help-on-line).

The parameter "Varlnit" isavector containing the initial vaues.

For two variables "Varlnit" itisa (1 x 2) vector: [ to, yo 1.

For asystem with n+1 variables" Varlnit " isan (1 x n+1) vector [ to, Y10, Y20, ----Yro |-

The parameter "Step" isthe integration step.

The optiona parameter "Par" contains the values of extra parameters.

Let’s see how it works with an example
Solve numerically the following Cauchy’s problemfor O£ x £ 3

y(=-2xy , y(0)=1

2
We know that the exact solutionis Yy =€ *
We can arrange aworksheet like the following

! Xnumbers.xla and FDsolver.xla are freeware Excel add-ins by Foxes Team
http://digilander.libero.it/foxes



http://digilander.libero.it/foxes

0.1 0.99005
!'\({:GDE_meG%,A5:55.$F$5)} |

A | B | ¢ | D E | F | G |
1
2 |5tart|ngvalues |step | |diﬁerentia|equatinnl
3
Sl L 1‘{/ \ h diff. equatiun/
5 0.1 vl o= -2%x*%y
B
7
o

Aswe can see, we have written in cell G5 the differentia equation

y

2% xX*y

In the range A5:B5 we have inserted the starting values of x and y. Note that we have written the labels
just abovetheirs values. Labels are necessary for the correct variabl es assignment.

Finally, in the range A6:B6 - just below the starting values - we have inserted the ODE_RK4, that returns
the value y(0.2) @0.960789, with aprecision of about 1E-7 (compare with the exact solution)

. S Y. ¥(exact]
5 1] 1 1
E_ 0.1 0.99005) 0.9900455
?_ 0.2 0860759) 09607554
B_ 0.3 0.5913931) 09139312
9_ 0.4 0.552144) 0.55214355
£ 0.5 0778801 | 0.7758005
l 0.& 0BS7EFE| 0.ES7EVES
E 0.7 0B12627( 0.6126264
E 0.8 0527295) 0.5272924
i 0.9 0.444339) 0.4445551
E 1 056FSE1 | 0.3575794
E 1.1 0.2852 0.2931973
i 1.2 02238931 0.2369275
E 1.3 0134324 01545195

error
0
4.155E-10
3.917E-09
1.125E-08
1.63E-08
2528E-09
E.111E-03
2158E-07
5.083E-07
9.703E-07
1.623E-06
2.459E-06
3.423E-06
4.453E-06

Tip: Inorder to get al other va ues,
select therange A6:B6 and simply
drag it down.

The cells below will befilled
automatically

Only remember to fix the cells G5
and F5 in the function by the"'$"
symbol

=ODE_RK4($G$5,A5:B5,$F$5)

We have also added the column with the exact values in order to check the approximation error. Both
exact and approximated solutions are plotted in the following graph
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The approximate solution (dots) fits accurately the exact solution (pink curve).

If we need, we can include parameters inside the differential equation



Example. Solve the following differential problem

y'=-Kk xx" Xy
y(0) =1
where k=2andn=1
A | B | © | o | E
1 |diff. equation h k h
2 |y' = —k*utnty 0.1 2 1
i |=DDE_RK4($A$2,AE:BE,$C$2,$D$2,$E$2) |
5 = ¥
5 1] 1
7 0.1 09900495
g 0.2 09607834 | | select AF:BY and
g 0.3 09139312 | drag it down
10 04 08521435

Example: Solve the following linear differential equation

Note that we have added the
labels "k" and "n" above the cells
D2 and E2. In thisway, the parser
will correctly assigns the value 2
to thevariable "k" and the value 1
to thevariable"n", in the
differential equation string

Do not forget the labels "x" and
"y" inthe cells A5 and B5

y'+iy= ax", y()=0

For n =3 and a= 1. Rearranging, we get

y':axx“—% , y =0

A | B ¢c | D | E
1 |diff. equation h a n
L?' = atxtn-v/x 0.1 1 3
-3 [FODE_RKA(AY2 A5EE SC23D52 5652 |
R ¥
B 1 ]

7 1.1 01110019k
8 1.2 02480535 | | gelect A7:B7 and
9] 1.3 0417374 )| | drag it down

10 1.4 06254631

Note that we have added the
labels"a" and "n" abovethe
cellsD2 and E2. In thisway,
the parser will correctly
assigns the value 1 to the
variable"a" and thevalue 3 to
the variable"n", in the
differential equation string

Do not forget the labels "x"
and"y" inthe cells A5 and B5

With step h = 0.1, we get a very accurate numerical solution comparing with the exact solution
y=(x*- X)/5x, (average error about 1E-6)



The ODE_RK4 function can be used to solve ordinary differential systems.
Example: Solve numerically the following differential system, where v(t) and i(t) are the voltage and the
current of an electric network

V=i- 7w
i., .
11'=-54+15%
| B C D
1 |w' = i-7#w
2 |i' = -5*i415%y n.os
3
_4 |{=ODE_RK4{$A$1:$A$2;AT:C?;$D$2}} I
5
= t i i
7 0 10 0
] 0.05 7185455333 558875
=] 0.1 5371305656 | 5.448001073
10 015 4174259595 | 9.70M1652976
11 0.z 3.360357149 | 1002694722
12 0.25 2.788536799 | 9530311635
13 0.3 2369953963 | 9.354496143

iv(0)=10
1i0)=0

The computation can be arranged as
following.

Write the variables labelsin row 6. The
labels“v” and “i” must be the same that you
have written in the equations. Just one row
below, insert the starting values in the same
order.

Select the range A8:C8 and insert the
function ODE_RK4. Thefirst step will be
returned.

Now select this row and drag it down for
evaluating all the steps that you need

The graph below shows the transient of v(t) and i(t) with good accuracy. Note that you can re-compute the
al transient changing the step “h” in avery easy and quick way.
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Optional constant parameters can be arranged. For example if you want to add a parameter R, independent
from thetime “t”, write:

A B C D
1 [v' = i-7#*w h
2 |i' = -R*¥i+15*%v 5 0.0s
3
T4 | [FODE_RK4(BAS1USASZAT.CTSDIZECED) |
5
= t y i
7 0 10 0
g 0.05 71854558333 558675
E:l_ 0.1 5371308656 | 5448001073

Constant parameters can be written in
any part of the worksheet. Y ou need
only to add the labels with the same
symbols with they appear in the
differential equations. In this case, we
have added the label "R" in the cell C1,
upon its values.

Y ou can add as many optional
parameters that you like



ODE Multi-Steps Formulas

Another very popular method for integrating ordinary differential equations adopts the multi-step Adams’
formulas. Evenif alittle formally complicated, they are very fast, and adapted to build alarge family of
ODE integration methods

The multi-step Adams' formulas can be generally written as:

h & , h . . .
Yisa =Y +Ma By Y =Y +M(bN-1XYi+bN-2XYi-1+---bo XYi-N+1)
k=1

h & , h . . '
Y=YVt M a b Y=Yt M (bN-lxyi+l+bN—2 xy' +..b, in-N+2)
k=1
where yi="1t.y) t =t,+hi

Thefirst formula generates the explicit formul as — a so called predictor formulas.

The second formula generates the implicit formulas — a so called corrector formulas.

The number N isthe order of the formula. A formulaof N order requires N starting steps. Of course,
formulas with high N are more accurate.

For N = 1 we get the popular Euler integration formulas

Yin =Y thoy, Euler's predictor (1 step)

Y=Yt 2 {y'aty') Trapezoid formula corrector (1 step)

Theirs errors are given by

1 .
e» h?y? Error predictor 1% order
1 5,0 o
e»- Eh y Error corrector 2% order

For N = 4 we get the popular Adams-Bashfort-Moulton predictor-corrector formulas

Vi =Y, +2rlIr >(55y'i - 59y [ +37Y' ,- 9y'i_3) Predictor (4 step)
VR 22 {9y, +19y' - 5y’ ,+y'_,) Corrector (4 step)

Theirs errors are given by

251
e» =20 h°y® Error predictor 4™ order
19 5.,(5) th
e»- %h y Error corrector 4 order

There are alarge set of predictor-corrector formulas



Multi-step coefficents tables
The following tables list the coefficents for the Adams predictor-corrector formulas up to the 9™ order and
relative errors

Multi-step Predictor coefficients

Ord b 1] 2| 3| 4 ) 6 7 8 9 10
M 1 2| 12| 24| 720| 1440 60480 120960 3628800 7257600
b0 1 -1 5| -9| 251| -475 19087 -36799 1070017 -2082753
b1 3| -16| 37|-1274| 2877 | -134472 295767 -9664106 20884811
b2 23| -59| 2616 | -7298| 407139 | -1041723 38833486 -94307320
b3 55| -2774| 9982 | -688256 2102243 | -91172642 252618224
b4 1901 | -7923| 705549 | -2664477| 137968480 -444772162
b5 4277 | -447288 2183877 | -139855262 538363838
b6 198721 | -1152169 95476786 -454661776
b7 434241 |  -43125206 265932680
b8 14097247 -104995189
b9 30277247

Multi-step Corrector coefficients

Ord b 1] 2| 3| 4 5 6 7 8 9 10
M 2| 12| 24| 720| 1440 60480 120960 3628800 7257600
b0 1] -1 1 -19 27 -863 1375 -33953 57281
b1 1| 8| -5| 106| -173 6312 -11351 312874 -583435
b2 5| 19| -264| 482| -20211 41499 -1291214 2687864
b3 9| 646| -798 37504 -88547 3146338 -7394032
b4 251 | 1427| -46461 123133 -5033120 13510082
b5 475 65112 -121797 5595358 -17283646
b6 19087 139849 -4604594 16002320
b7 36799 4467094 -11271304
b8 1070017 9449717
b9 2082753

Error coefficient
Thegenera error is e» -kohO*!y©*D  wherek is given by the following table

Ord b 1 2 3 4 5 6 7 8 9 10
predictor 0.5 |0.41667| 0.375 |0.34861 | 0.32986 | 0.31559 | 0.30422 | 0.29487 | 0.28698 | 0.28019
corrector - -0.0833 | -0.0417 | -0.0264 | -0.0188 | -0.0143 | -0.0114 | -0.0094 | -0.0079 | -0.0068

The predictor-corrector algorithm

Usually the multi-step formulas, implicit and explicit, are used together to build a Predictor-Corrector
agorithm . Hereis how to build the 2™ order PEC a gorithm (Prediction-Eval uation-Correction).

It uses the Euler’ sformulaas predictor and the trapezoidal formula as corrector

Prediction Evaluation Correction
Ypr =Yothf(to,yo) P fltu,yp) P Y1 = Yo +V2[f(to, yo) +(ts, Yp1)]
Yoo =y1thf(t, ym) P f(tayp) P Y2 = y1 +V2[f(ty, y1) +(t2, Yp2)]
Yoz ..o

The valuey; can be reused to evaluate again the function f(t,, y;) wich can be used again in the corrector
formulato obtain a more accurate value for y;.



If we indicate the first value obtained by the corrector with y; and the second value with y;® we can
arrange a new following schema

Prediction Evauation Correction Evauation Correction
Yor P f(ts, Vo) P Y1(1) = f(ty, Y1(l)) = Y1(2)

Thisisthe so called PECEC or P(EC)? schema.

The group EC can aso be repeated m-times or even iterated still the convergence. In these cases we have
the scheme P(EC)™ and P(EC)* respectively.

Note that, for m >> 1 the final accuracy depends mainly by the corrector.

Let's come back to the PEC schema.
We note that, at the step, we use the valuef(ty, yp1) to predict the new valuey,,
We could increase the accuracy if we take the better approximation f(t;, y1).

The new schema becomes:
Prediction Evaluation Correction Evaluation
Yoo P f(ty, yp) P y: P f(t, y) P

This schemais called PECE and it is used very often being a reasonable compromise between the
accuracy and the computation effort.

Using different scheme with different predictor-corrector formulas we can build a wide set of algorithms
for the ODE integration. Of course they are not equivalent. Same of them have a high accuracy, others
show a better efficiency and others have a better stability. This last characteristic may be very important
for long integration intervals. In fact, the most algorithms, especially those with higher order, become
unstable when the integration step grows over a limit. Algorithms that are stable for any integration step
(so called A-stable agorithms) are much appreciated, but unfortunately they require implicit formulas
that, generally, can be solved only by iterative algorithms.

The 2™ order trapezoid formulais one of the most popular A-stable formula.



Predictor- Corrector
= ODE_PRE(yn, f, h)
= ODE_COR(yn, fp, f, h)

These functions perform the integration of the ordinary differential equations with the popular multi-step
predictor-corrector Adams' formulas

y=ft,y) ,yt)=Y

Thefirst function returns the predictor value yn.1, While the second function returns the corrector yn.;.
The parameter “yn” isthe last point of the function y(t).

The parameter “f” is avector containing the last N values of the derivative of y(t). That are the last N-1
values of the corrector.

The parameter “fp”, only for the corrector, is the best approximation of the derivative of y(t) at the step
n+1. Usualy it is provided by apredictor formula

The parameter “h” setsthe integration step

PECE algorithm of 2" order
Now we see how arrange a PECE algorithm of 2™ order to solve a the following differential problem.

y'=-xy* , y(0)=2

Let'sset inacell that we like the integration step “h” and then the heading of the data table. We set
separate columns for predictor and corrector values

A B | © | D | E | Buildthefirst row.
;_ Predictor-Corrector (PECE) of 2° order Begin to insert the starting values (Xo, Yo)
in the cells A6 and B6 respectively, and
i h= [ 02 | the formula evaluations of f(x,y) in the
£ - ™ w T T % | cell C6 and E6. The corrector valueis set
B | 0 5 / o e 5 o equd to the starting value B6
7
]
=R
A | B | ¢© | D | E | Thesecondrow isabitmore
1 |Predictor-Corrector (PECE) of 2° order complicated. Let’s see.
2 Select thefirst row A6:E6 and drag it
3 h= [ 02 | _L down one row. Thiswill copy the formula
4 [FAE+3E83 | =-§A7°B7"2_| |.?-$AT*DT“3 | for fp and fc
5\ x [ w [ | | w Y f_ | Insetinthecel A7theincrement
B | 0 2 l o 2 o formula
7] 0.2l 2 08" 2 08 X =X+h
)

Now we have to add the predictor and corrector function



Insert inthe cell B7

=ODE_PRE(yn, f, h)

“yn” isthelast value of y(x). contained in
D6. “f” isthelast value of f(x,y)
contained in E6. “h” isthe step B3.

Insert inthe cell D7

=ODE_COR(yn, fp, f, h)

Where “yn” isthe last value of y(x). In
that caseis D6. “f” isthelast value of
f(x,y), E6.

“fp” isthe predicted. value of f(x,y), C7
in this case.

“h” isthe constan step.

Now the setting of the

A | B | ¢ | D E |
1 |Predictor-Corrector {PECE) of 2° order
2
3 h= ] 0z ] |-ODE_PRE(DEEE;$BS3) |
4
5 x | w [/ fp ye fe |
5 D zlx' D 0
7 0.2|=0DE_PRE(DI 08 192 073728
g

A | B | ¢ | D E |
_ 1 |Predictor-Corrector {PECE) of 2° order
2
] h= | 0z
: i
5 x | w | fp ye 2* fc
B o 2 0 d
7 0.z 2I -D.S:IE_COR(DE;C?[ -0.73728
] L
"9 | |=0DE_COR(DECT.EG$BE3) |

A | B | ¢ | D E |
1 |Predictor-Corrector {PECE) of 2° order
2
3 h= [ o0z ]
F
5 x | w [ f | ¥ fe |
B 0 2 0 2 0
7 02 2 -0.8 182  -D7FaTes
G 0.4 1772544 12567648 172059551 -1.1841796
] D6 14837595 -1.3209255 1470085 -1.2956899
10 0.8 121074701 11727267 122314334 -1.1968637
11 1 09837706 -09675046 100867651 -1.0133976
12 12 080399693 -07756934 082776741 05222357

PECE algorithm of 2™
order is completed. Select
the second row A7:E7 and
drag it down in order to
calcul ate the steps that you
want.

Theyp and y¢ values can be compared with the ones of the exact solution.

The differences:

dip = ¥ip - V(%)
dic = yic - y()(l)

are plotted in the graph at the right

We note clearly the characteristic behavior of
the predictor-corrector agorithm. The second
formula refines the approximation of the first
one.

The fina accuracy of PECE agorithmis
practically the accuracy of the corrector

0.1

0.08 -

0.06

0.04

0.02

err predictor
2nd PECE

-0.02

-0.04




PECE algorithm of 4" order

Now we solve the differential equation of the previous example with a4™ order PECE a gorithm using the
4 steps Adams-Bashfort-Moulton formulas

y=-x° , y(0)=2
To start thisalgorithm needs 4 steps. A good set of starting stepsis:

X y(x)
0 2
0.2] 1.9230769231
0.4] 1.7241379310
0.6

We do not investigate here how to get the extra 3 values (they could
comes by Runge-Kutta method or by Taylor series approximation).
The only thing that we have to point out is that these values must be

sufficiently accurate in order to preserve the global accuracy of the
1.4705882353 algorithm

Thefirst 4 rows of the PECE algorithm are built as shown in the previous example.

A | B | ¢ | 0o | E |
1 _|Predictor-Corrector (PECE) of 4° order
2
3 |h 1 o.z|
4
5 x| ow [ ve | fe |
_E | ] 2 ] 2 0
7] 0.2 18230769 0739645 19230769 -0.739645
B | 04| 17241379 -1 1590606 1.7241379 | -1 1590606
i 061 14705332 12975779 147058382 1 .29757749
ﬂ 0.a =ODE_F‘RE(E1 12151057 1.217386 11856229
11 )
12 |=ODE_FRE(BS,ERES§E53) |

A | B | Cc | D | E |
1_ Predictor-Corrector {(PECE) of 4° order
2
3 |k I 0.21
4
5 x| ow [ Y fe |
B | 0 2 0 2 0
7] 02| 19230769 -0739645 19230769| -0739645
a8 | 04| 17241379 11590606 17241379 | -1 1890606
9 | 06 14705892 -1.2975779) 1.4705882] -1.2975779
% 05 1.2324293] 1.2151057 IE_COR(DQ;C_T -1 1856229
% |=ODE_COR{DQ;C1IZI;E?':EEI;$EI$3}| ]

Thefirst 4 values of yp and yc are the same.
Now let'sinsert in the cell B10
=ODE_PRE(yn, f, h)

where “yn” isthe last value of y(x), D9in
that case.

“f” isavector of the the last four va ues of
f(x,y), E6:E9in thiscase.

“h” isthe step B3.

Insertinthe cell D10

=ODE_COR(yn, fp, f, h)

where“yn” isthe last value of y(x). In that
case DO.

“f" isavector of the last 3 vaues of f(x,y),
E7:EQ.

“fp” isthe predicted value of f(x,y), C10in
this case.

“h” isthe step B3

Now the setting of the PECE agorithm of 4™ order is completed. Select the 5" row and drag it down in
order to cal culate the steps you want.



The predictor-corrector error curves are shown in the following graph

0.01
0.008
0.006
0.004
0.002

0
-0.002
-0.004

-0.006

In order to compare the accuracy of the solutions of the this algorithm with the 2™ order a gorithm of the
previous example let's draw both the error curvesin a same graph

0.015

0.01

0.005

-0.01

Aswe can see, the 4™ order agorithm is evidently more accurate then the 2™ order. On the other hand, the
first one requires an extrawork for providing 3 starting points.



Piecewise integration
A differential equation may have different definitionsin different adjacent intervals of x-axis

y'=fi(xy) for x£xX<x,

In that case we can repeat the integration for each intervals providing only that the starting va ues of each
integration interva must be equal to the final vaues of the previous one.
Note that we may use different algorithms with different steps for each sub-interval

Example. Find the solution of the following IVP problem

= a(x) il xX£1 iy=y X£1
y=ax)y., _1 [
a(x)=i- 2x+3 1<x<2 P jy'=(3-2x)y 1l<x<2
0)=1 where i i
y(0) }_1 x3 2 ly=-y X3 2

If wecdly,, Y, ys the solutions in each sub-interval, for the continuity, must be y;(1) = y»(1),
Y2(2) = y3(2). The numerical solution can be found as the following

A | B | Begin with the first equation.
Ao Choose a suitable integration step in the cell A2,
% — and insert the equation "y' = y" in A3
TY 1 Just below the labels "x", "y" insert the starting point (0, 1). in the cells
5 x y A6:B6. Then, select the range A7:B7 and insert the following function
5} 0 il
z D2 12214l =ODE_RK4($A$3,A6:B6,$A$2)
5] ¥ Now drag the range A7:B7 down till you reach the point x = 1
B g 1 Repeat the task for the next equation y' = (3-2x)*y
L7 = filling the next starting cells C6:D6 with the last values of the cells
8 04 1491818 A11:B11
9] 05 1.5221065
ﬂ 08 22255208
11 1 27182511

Below the fina worksheet with the graph of the three functionsy;, y», ya. Note that for the centra ODE
we have used a smaller step then the others. Thefina accuracy is about 1E-5 in all the range

Al B[ c o] ETJF ]
L 11 h i 4
|2 | oz 0.1 0z
|3y =y y= 32ty =y 3.51
4
E kS ¥ kS ¥ kS ¥ 31 ——y1
| B | 0 1 1) 271825 2 271825 25 | ——y2
| 7 02 1.2214 14 287424 2.2 222552 3
| 8 | 04 148182 12 31899 24 182211 2 Y
19 | 06 1.82211 1.3 335345 26 148182
10| 08 22288 14 345557 28 12214 151
| 11] 1) 271825 15 34903 3 1 14
112 ] 16 345557 32 081874
113 ] 17 335345 34 0ETO33 05 A
| 14 | 18 31899 36 054832
| 15| 19 287424 38 044934 0
| 16 | 2 271825 4| 036789 0 1 2 3 4 5 6
117 | 42 0302
118 | 4.4 02466




Stability

The step h isthe crucial parameter for the stability of any integration algorithm. If the step increases over a
certain step hs, the numerical solution suddenly blow up to the infinity; practically the algorithm will get
an overflow error. The stability limit hg depends by the method and by the ODE that we want to solve. We
have to choose an integration step alwaysless then sability limit; h < hs.

Normally we can choose the integration step much less then the stability limit but sometime, especidly in
"giff" problems, the above relation would be easily violated. In that case we see the solution graph
"jumping” to unrealistic large values. When this occurs, we have smply to reduce the integration step, and
thus, for covering the same integration interval, we have to take more grid points.

About this very important topic there are lots and lots of documentation. Here we want simply to show the
problem with asimple, practical example.

A Stiff Problem
Assume to have the following 2™ order differential equation.

d%y
d x?

+(k+1)g)):+ky:0 yd) =1, y(®=-05

First of al, we transform the problem in a 1% order differential equations systemtaking y, =y ,¥, = Y'.
Thisleadsto the following system

‘:,yl': Y ‘:,yl(l) =1
Tyzlz'kyl' (k+1)y2 Tyz(l):'O-S

The exact solution y(x) of this problemis

y(x) =+

2k- 2

[(2k- e - e

Now consider two solutions for k =2 and k = 100. Their plots, sampled with astep of 0.2, are shownin
the following graph

1.2

0.8

0.6 -

0.4

0.2

We can see that the behavior of the two functions seem similar. Both curves are smooth and regular. The
step h = 0.2 appears adequate for agood plot in therange 1 < x < 6 (about 26 points).

Now let's see what happens if we try to solve the two differentia 1VP problemsfor k =2 and k = 100,
with one method that we like, for example the 4™ Runge-K utta integrator, that usually shows good
performance of accuracy and stability. About the integration step we can initally choose h = 0.2



K=2 K =100
}, =Y, }yl':yz
TY.'=-2y;,- 3Y, Y, =-100y, - 101y,

Theinitial values are the same for both systems: y;,(1) =1, y»(1) =- 0.5

We use the ODE_RKA4 for solving both problem. Let's arrange a worksheet like the following

A [ B [ ¢ | o [ E ] We have set the parametric system in
| 1| Stiff Differential System the cells A2 and A3, the parameter k
| 2 |yl =y2 k h S i
|3 y2' = kML (e L)*y2 5 02 isinthecell D3 and the step hiin the
4 call E3 .
5 | (=ODE_RK4(A2:A3,A8:C3,.EZ.D3)} | The starting values [0, 1, -0.5] arein
| & | the range A8:C8.

; X 1 vl 1 ¥2 — Do not miss the labels "k", "x", "y1",
5 I y2". The)_/ are necessary for the
0| 14 078077 055605 correct variable assignement.

[ 11] 16 057257 0521923

|12 ] 18 057301 -0.472009 Select the range A9:C40 and insert
% - g g-jggﬁ 'g-g;?gg the function ODE_RK4 with the
5 24 033947 -0.309043 ctrl+shift+enter key sequence

The numerical solution of the first problem appear excellent.
Also therelativ error isvery low: err < 5.2E-05. Now let'stry to solve the second problem setting the cell
D2 to 100. Saddenly the solution blow up to very large negative values.

K=2h=02 K =100, h=0.2
12 1E+109
0 0000000 000000000000000000600000
1 -1E+109 { 2 4 6 3
081 2E+109 |
-3E+109 |
06 -4E+109 |
-5E+109 |
041 -6E+109 1
02 -7E+109 |
-8E+109 |
0 T T 44400004 -9E+109 4 >
0 2 4 6 8 -1E+110

Proceeding by tria's, we reduce the integration step until the algorithm return stable. This occurs, for
example, with h < 0.025. Of course, in order to integrate the same interval we need much more points: n 3
6/0.025 = 240

Then, select the range A9:C250 and re-insert the function ODE_RK4, using h = 0.025. In this case we se
the complete correct curve for k = 100. Note that in the previous case we have got a good, accurate
solution with no more then 30 points.

This smple example shows the main drawback of a"tiff" ODE: we are obligated to choose a very small
integration step to assure the stability even if the solution evolves dowly for along integration interval.
Usually a quick approach to solve a"<iff" problem isto choose a grid with many points (1000 - 9000)
using a Runge-Kutta or a Predictor-Corrector schema. The last algorithm is preferable because more
efficient for such long calculation

Another approach consist to usethe so called "A-stable" integrators. Such a gorithms are much more
stable having avery large stability region (hs — ¥), and they are suitable to integrate "tiff" problem. For
example, they could perform the intregration of the problem for k = 100 in 30-60 points or less



Clearly thereis good reasons to develop dedicated method for stiff ODE.

The main drawbacks of "A-stable' method are the following: they have generaly alow order and they are
aways implicit. This means that the core of the algorithm requires to solve a system of non-linear
equations. For each step, an iterative processfind the y,.; solution. It is comprensible, thus, that the
efficiency of these methods tend to be quite low.

In Xnumbers the ODE_PC2I function uses the Euler formula as predictor and the implicit trapezoidal
formula as corrector to implement an "A-stable” integrator of 2™ order for stiff ODE.

An "A-Stable" PC Schema
An "A-stable" Predictor-Corrector schemafor integrate the differentia equation y'= f (t, y)
uses the following formulas:

Yo=Y, thoft,y) Euler’s predictor (1% ord)

Yo=Y, +hl 2>(f (t.,y.)+ f(t., yn+1)) Trapezoidal formula corrector (2™ ord.)

In order to preserve the A-stable performance of the trapezoidal formulathe unknown y,.; must be solved
with the highest accuracy possible. Because in generally the function f(t, y) is hon-linear, we need an
iterate process converging to the solution yy.;

A naive approach could take to the following iterative process

yll']:]i = yn + h/ 2>(f (tn’ yn) + f (tn+17 y:1+l)) (1)

wheretheinitial valueisgiven by the Euler predictor ygﬂ = yrﬂfi

We can easily show that this algorithm cannot converge if h — hsand thusis useless for solving stiff
problem.

The barrier effect

Assumeto have this simple test differential problem y'=-1'y |, y(0)=1, | =5

For this problem we know exactely thelimit hs=2/1 =0.4

Using the iterative process (1) we try to find y; = y(h) for different value of h approaching 0.4, example h
={0.1,0.2,0.3,0.35, 0.38...0.4- e} , where e >0 and very small

A B c [ b [ E | The iterative process (1) for finding y, can be
4 |h= 0.1 arranged in an Excel worksheet
% 0, y0) -5 The starting values y's = -5 and, thus, the
7 i yl fil, y1 |err] predl(_:ted yi1$ O_'5
] o 05 Functions contained are:
9 1|=$B%2+8H 3125) 0125 [B8] = 1+B4*B5
0 2[ 059375 -296875 0.03125 [C8] =-5*B8
11 3 0601563 -3.00781 0.007813 _
2] 4 0599609 -2.99805 0.001953 [BI] = $B$2+$B$4/2* ($B$5+C8)
EE 5 0.600095 -3.00049 0.000468 [C9] =-5"B9
14| B 0.599976 -2.99988 0.000122 [D9] = ASS(B9-B8)
= AR R Rt The column [err| measures the convergence.
07 5 08 3 191E0E Now select the range A9:D9 and drag it down.
8| 10 0.6 -3 A TTE7

The number of steps to reach a prefixed precision, is related to the convergence speed. In this case the
speed seems quite fast. But is it always true for all vaues of h? Unfortunately not! As h increases the
convergence speed becomes lower and lower, growing sharply when h — 0.4

The following graph report the convergence trajectory for several increasing value of h
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As we can seg, for value h > 0.35 the trgjectory approaches the vertical line. This means that the number
of steps for reaching the convergence increases sharply as h approaches to 0.4. The graph shows a sort of
"barrier" at h = 0.4. In addition, it is easy to see that for h > 0.4 the method diverges.

This smple example shows that the implicit schema PC with a"fixed point" iterative method is useless to
solve "stiff" probelms.

To overcame the barrier effect we have to solve the non-linear equation by a more efficient iterative
algorithm such as the Newton method.

F (Vo) = Yo + 0/ 2{F (0, yo) + T (s, Yos))- Vi

For a differential system this method requires to calculate the Jacobian matrix at each step that it would
be, thus, quite expensive. A method based on the secants interpolation (Broyden method) might be the
better compromise. The function ODE_PC2l adopts this method for improving the convergence and,
therefore, for avoiding the barrier effect.

Hereisitsresult with the above "stiff" VP problem.

A [ B T ¢© | D | E
_1 | Stiff Differential System
2 |yl =y2 k h 12
3 |y2' =k (kg2 100 0.2
4 i
e [EODE_PC2IA2:A3,45:C8,E3,D3)} | !
5] 08
A ¥l ¥2
& 1 1 0.5 06 1
o | 1.2 082645 -1.235537 04
10| 1.4 0BEI42 0334711 :
1] 1.6 055324 0.827095 02 |
12| 1.8 0.44813 -0.224063
13| 2 037035 -0.553675 0 ‘ 70000444000000000¢
14| 22 029998 -0.149992 0 2 4 6 8
15| 24 024792 0.370642
1B | 26 020082 -0.100408
17| 28 016596 -0.248116
1 3 N3443 -NNRTMA

Aswe can see, with astep h = 0.2 and no more then 40 points, the 2° order implicit integrator
ODE_PC2!I returns the correct curve of athe stiff problem that, requires more than 240 points with 4" RK
formula. The main advantage of ODE_PC2I isthat we can choose the integration step without regarding
the stability constraint.



The Lotcka-Volterra Model
The following two-dimensional differential system

jdx

:ta_alx_ a Xy

i
%(:Iilz'asy"'amxy

iscalled the Lockta-Volterramodel or aso "prey-predator” model. It is used in biology, chemistry and
many other fields.

The function x(t) and y(t) depending from the time variable, may represent different things. In abiological
models, for example, they simulate respectively the population of pray (rabbits) and predator (foxes) at
timet. The proportionality constants &, &, &, and a, are positive. It isknown that its solution leads to
oscillate steady-state.

The numerical integration of this ODE family requires a stable algorithm otherwise the result are not
acceptable. Let's see with a practica example

I X'=2x- 2xy ix(0)=1
I | [ ,I\ —
Ty=-3y+2xy 1y(0) =1
A | B | ¢ | D Insert the equation defintion in the cells Al and
1 |x' = 2%y-2%yky b A2, thestepin the cell C2=0.02 and the
2 |y = Syt 0.0z starting values [0, 1, 1] in therange A6:C6
3 - AT AR TR
4 H"DDE—PCMN AZAB: CB; C2)) | Do not missthelabels"t", "x", "y"
5 t " y Then, select the range A7:C407 and insert the
B 0 1 1 function ODE_PC2I with the ctrl-shift-enter
7 002 1.001166 0941765 keys sequence
g 0.04 1.004602 0.B87009
g 005 1.010194 0.835583
10 0.08 1.017845 0.787347

The following graphs at the left shows the result of the function x(t) and y(t). By performing the scatter
plot of x-y variable we have the steady state plot at the right. It shows a closed loop, alimit cycle.

6 3
5 |

4 2
31 X

2 -y 1
1

0 0

0 4 8 12 0 2 4 6

We can easily change the zoom of the graph ssimply by changing the integration step h

Note that the oscillations are quite large. The above system has two equilibrium points where dx/dt = 0
and dy/dt = 0 simultaneoudly.

Therefore for finding the equilibrium points we solve the algebric system



2x- 2xy=0
-5y+2xy=0

— — —

x=0
y=0

— — —

The first solutions unstable while the second one s stable.

A stable solution means that if the initial populations x(0) = 2.5 and y(0) = 1 then there will not any

oscillation and the population will be constant along the time. Starting near the stable equilibrium point
the oscillations become to grow progressively.
Here same examples:

x(0)=22andy(0) =1

o

N
D
o
[ee]
1S
N]

x(0)=24andy(0)=1

o

N
D
o
[ee]
1S5
N]

x(0) =245andy(0) =1

o

N
D
o
[ee]
1S
N]




The van der Pol Equation
Thefollowing non linear equation, called van der Pol equation, isknown as avery stiff equation

y'-ml- y°)y'+y =0

The oscillating solution shows regions where it changes slowly alternating with regions of very sharp
change (quasi-discontinues). As the parameter mincreases, the problem becomes more stiff.

Example. approxi mate the solution for m= 8 and 16 and for the initial value [y(0) =2, y'(0) = Q]
First of all, we transform the given 2™ order equation into its equivalent 1 order system setting

yi=yand y,=y'
Y=Y, 1%,(0)=2
|
:m(l' y12) Yo- Vi iy2(0)=0

A | B | & | D | E Insert the equations definitions in the

1 cells A2 and A3, the parameter m
L2 |vl'=y2 m h and the step hiinthe cell D3 and E3
3 |v2' = m*{1-y172) 2yl 5] 0.05 respectively.
4 Then insert the starting values in the

5 | |{=0DE_PC2I(5A$2:5A83,A7:C7,5E63;03)} | range "A7:C7". Do not miss the
B | % y1 Y2 / labels"x", "y1", "y2"and "m".

7 0 2 0

8 0057 1.998437 -0.062524 Select the range "A8:C500" and

9 01 1934917 -0.0753275 insert the function ODE_PC2I

10 015 1.9909 -0.03242

11 0.2 19386747 -0.053653

Tip. In order to have a sufficiently accurate plot, we needs many integration points (500 - 1000)

m=8, h=0.05 m=16,h=0.05
25 25

2 1 2 1
15 15
11 11
0.5 | 0.5 |
0 0 : :
050 050 10 20 30
-1 -1
-15 1 -15
2 -2

-2.5 -2.5

O

Aswe can see, the oscillating period increases with the parameter m For problems with large m the
integration becomes extremely difficult and expensive. We also observe that for h > 0.1 the accuracy
degradates fastly.



1 Order Linear ODE

Linear ODE can be numerica solved, of course, with the genera methods RK and PC shown in the
previous chapter. But their specia structure alows to use more efficient dedicated a gorithms.

The function ODE_SYSL, integrates numerically a system of ordinary linear differential equations of 1%
order with constant coefficients.

For example, the general form of a3x3 linear differential systemis:

_} Yi'=a,y, tayy, +asy, +h
I Yo' =ayY, +a,Y; ayy, +h,
% Ya'= 8y, Ay, tagy, thy

where all the coefficients aj and bi are constant.
Such system can be put in the following handy matrix form.

y=[Ay+b
where
@ a 4l y=[v. v, ys['
A= an _ i
gael s aesg b:[bl’bz'b3]

and with the initial condition:
— (0) (0) 0
% =% v, y,0]

The constant term b is optional. If omitted the system is called "homogeneous"

This function uses the exponential expansion method that, for thiskind of differentia systems, is both
accurate and efficient.

Thefunction returns an (n x m) array containing all the nodes of the integration: misthe number of
equations; n isthe numbers of the nodes. The function automatically setsn equal to the rows of the range
that you have selected.

Let's see how it works practically

Example 1. Homogeneous system
Solve the following homogeneous differential system with constant coefficients

where

&20 -10 194 .
16 6 -16 Yo =[1,0,0]
-2 -2 1§

A=

@D D> (D>

For0<x<4andh=0.05
The numerical solution can be arranged asin the foll owing worksheet

Theinitial values arein thefirst row (range B7:D7). The column "Xx" was added only for clarity but it is
not indispensable at al. Select the range B8:D87, than insert the function ODE_SY SL giving the suitable
parameters A, yo, h. Then press CTRL+SHIFT+ENTER



A& | B c | D E | F
1 =20 10 19
2 0.0s A= 16 5 -16
=N -2 -2 1
4
= [{=0DE_SYSL[E1:G3;E7:07,B2)}]
B | x bl y2 Y3
7 0 1 0 0
8 | 005§ 0.21544 059661 -0.0925
9 | 04) -0.2552 089017 -01722
A0 045) -05343 103538 -0.2393
1| 0.2) -0.B9E5 1.08997 -0.2963
2 0.25) -0.7869 10458838 -0.3445
13 | 0.3) -0.5333 0935805 -0.354
14 0350 -08524 093278 -0.4162

All the 240 cells will be filled with the nodal solutions of y1, y2, y3.
The scale can be esily arranged ssimply by changing the parameter h

15

1
0.5

0

15

0.5

— 1
—y2
y3

-1

T T T T T
-0.5

—y2

y3

0 0.5 1 15 2 25 3 35 4 0 0.25 0.5

h=0.05 h=0.012

Compare with the exact solutions
iy =-2e%+e? +2e'
i
|’ y2 = 2e- 2x _ Ze-lOX

LY, =267+ 267

Example 2. Non-homogeneous system

Solve the following homogeneous differential system with constant coefficients

y=[Aly+b
where
él 5u é& 40 €0u
A=ga 1 b=a._ Yo =&,
g1-d "TE2f AN
For0<x<6andh=0.2
The numerica solution can be arranged 1 :: | B | ¢ L D E
asin theright worksheet
L ) . 2] oz 1 5 -4
Theinitial values are in the first row EQ A = 5
(range B7:C7). The column "x" was 3 [=0DE_SvELIC2D357.C7 52 E2E7)) )
added only for clarity but it is not % -
indispensable at all. Select the range = a
B8:C37, than insert the function 8 | oz[ 012772
ODE_SY SL giving the suitable =L 0.2 I L] I
10 0B 007272 069012
parameters A, yo, hand b. Then press K nel 0oaxe 0E7IE
CTRL+SHIFT+ENTER 12 ] 1|-018211 069044
3] 12| -032841 071928
4] 1.4]-047207 075699




Thetabulated functions y1 and y2 are shown in the following graph togheter with the exact solutions
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The exact solutions are:

iy, =e*(cosx+2sinx)- 1
+y2 =1- e*sinx

Example 3. Piecewise integration
The general first-order linear equation has the form

y' +a(x)py = b(x)

Of coursg, it can be rearranged in the normal formy' = f(x ,y) where f(x,y) =b(x) - a(x)% and
numerically solved with an RK or PC agorithm. Here we show how to get a quick solution when the
coefficient a(x) and b(x) are linear inside adjacent sub-intervals. that is X; < X < X+1

Example. Find anumerical solution of the VP problem y'+ay=b(x) , y(0)=0 where a=1and
b(x) is the function showed in the following graph

n this caseis quite smple to get the

15 explicit equation of each sub-interva
b(x)
1 4
b(x) = x 0<x<1

051 b(x) =1 1<x<3

0 ; b(x) =-x+4 | 3<x<5

A b(x) =-1 x>5

-0.5 4

-1 4
-15

Then, we could substitute each function b(x) in the differential equation and solving for each sub-interval.
This method usually works but for many sub-interval becomes quite tedious. Overall we have to consider
that the function b(x) may be more complicated when it comes, for example, from experimental
measurement. A quick solution may be obtained with the Finite-Differences method (FD). For this scope
isuseful the Excel add-in FDSolver.xla



Inthis caseit is better to consider b(x) asa(n x 1) vector, 215 1clo e
where n isthe number of the grid points, that can be easily
arranged in a spreadsheet column.

At theright we can see a possible arrangement.

Insert the integration range x from 0 to 10, with step 0.2, in
the range A4:A50. In the adjacent column insert the values
of a(x;); inthat casethey are constant asa= 1.

In the next column insert the vector b(x;); each value may
be taken from the given table or computed from the above
function b(x), as we prefer.

Leave the next two blank columns for the value of y(x) and
y'(x). Remember only to insert the initial vaue y(0) in the
cell D4 and color it asyou like (yellow, for example)

B3

0z
04
0g
o0&

=}

12
14
18
18

5}

w

T

22
24
25
28

@

o

|(.DOO‘
(o)

[~
=

32
34
36
38

ik}
0e
0.4
nz

=
[N

b |k (kR
= | R =

Now select the entire range A4:E54 and start the macro "ODE Linear IC" from the menu
Tools/FDSolver.

x|l Using thismacro is very smple. If you have
arranged the worksheet as explained in the previous
o Mg e apM gy =t paragraph and if you have selected the input/output
range before starting this macro, all the input boxes
Order: |1 Linear Equation, initial conditions will be Correctly filled. Normal |y you have only to
press "Run".
% [ sasa:sags =l Theinput boxes "Iter. max" and "Rel.Error" - thus
g the error of two consecutive iterations - are used by
coefficients: I B4 4454 ;I . . .
the macro only for the stopping criterion.
vyt | $DpESSY =l The macro output itsresultsin therangey and y'
(D4:E5) except in the cell that you have colored.
Iter, max: | 1000 In afirst-order VP problem the colored cell must
o [er— L7 || pethefirstcdll of y.

In the following plot we show the y(x;) values obtained (dotted line) together with the exact solution (pink
line). Aswe can see, matching seems quite satisfactory.

15
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-0.5 4
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The exact solution of the give problem is



le*+x-1 O£ x<1

|

e l-e)+1 1£x<3

y =i )
i€*(1-e-€)-x+5 3£x<5

',Ie'x(l— e-e’+e’)-1 x35

Y ou can verify that the average precision is better then 1E-3 (0.1%) for 0 < x < 10
Of coursethe precision incresesif you try with more fine grid.

Using Finite-Differences

We can a'so find the numerical solution of the previous example using only Excel features without any
add-in. Let's see.

First of al we need aforward finite difference formula

Yiee ™ Wi — yli+1+y'i
h 2

h 1 1
P Y=Y +5(yi+l+yi)

Aswe can seeg, thisisthe implicit trapezoid formula

Note. Before attempting to follow this example activate the iterative mode in Excel from the menu
tools/options... (see chapter "FD - The iterative method" for better details)

Prepare a spredshest as in the previous example.

Insert the formula = D4+$B$1/2* (E4+E5) in D5 and =C5-B5*D5 in E5 . Note the thisinsertion forms a
circular reference. Excel does not dlow circular references except when iteration modeis activated
Now select the range D5:E5 and drag it down filling all the cellsto row 54.

& | B | ¢ [ o | E | & | B | ¢ | o | E | ¥
11 |h Dz |=Da+3E51 24E4+ES) | 1 lh 0.z
L2 2
3 % a b \ Y Y 3 X a 4] Y Y
N 0 1 E\ o 0 4 0 1 0 0 0
| 5 | 0z 1 02 w0.01818 018182 5 | 0z 1 ozf 0.01s1E DAE1E2
| B | 04 1 04 E | 0.4 1 04| 0.06942 033058
|7 0k 1 05| [=C5-B5+D5 7 0E 1 05| 014771 045229
| & | 03 1 03 5 | 0.3 1 0.3 0.24813 0553187
ER 1 1 1 (9| 1 1 1| 0366685 063335
|10 | 12 1 1 0| 12 1 104818 051528
|11 | 14 1 1 A1 14 1 1
12 15 1 1 17 1R 1 1

Instantaneously the cells begin quickly to change until they stop themselves. Repeat the elaboration
several times by pressing the F9 key. The values of the vectorsy and y' will quickly approximate the
solution of the differential equation.



Example 4. Equation of motion.

The motion of aninertia object under an influence
of avariable force satisfies the ODE(Newton's
equation second law)

mx'+m x'= F(t)

where misthekinetic friction, mis the mass and
F(t) isvariable force having the law showed in the
right graph.

X(t) represent the position along the plane, x'(t) the
velocity and x"(t) the accel eration.

Dividing for m we get the normal linear equation
form

We want to find the position and the vel ocity of the object for O< t < 50, with m =2, m= 0.2, and with the

following starting conditions: x(0) =0, x'(0) =0

12

0.8 4
0.6 q
0.4 4
0.2 4

-0.2

8 10 12 14 16

Here we use the finite-difference method. For that, prepare a worksheet as the following

& IE [ c [ o [ EJF[s] The given equation is equivalent to the 2 order

R +{bin)%c = (Fim) linear equation x" + a, X' + & x = b, where
T3 |u= 02 2=0,a=021landb(t) is

4 |h= 1
5| it al al b % ' bs i0.5 O£t<4

B 0 0 01 05 1] 1] )
1 1 o 01 05 b(t):i(l-t/8) 4£1£8
B 2 o o1 o0s lo t>8
g | 3 o 01 05

10 4 0 01 05 .
1] 5 0 01 03 Note thgt we have chosen a quite large step (h_ =1)to
N - 0 01 025 emphasi ze the robustness of the method. A suitable
= step should be 0.2 or lower.
EE o 04 0 Now select the range A6:G56 and start the macro
% 110 g g} g "ODE Linear I1C" from the menu Tools/FDSolver.

If you have followed the above arrangement the input boxes will be correctly filled and you have only to
press "Run" and the macro will fill the columns x, X', X". The following graphs show the first two columns

(dotted lines) against the exact solutions.

35 25 :
30 position velocity
oqo“‘“’w‘m““’w 2 o
RS * .
251 0“‘ .
3 3
* |
20 A ‘0‘ 15 ’0
o | R
131 0‘ 1 "0
3 Y .
10 . "0
. 0.5 1o “‘
5 v o .
0.
0 o’ ! ‘ ‘ : 0« ‘ ‘ ““‘“’“f‘““w
0 10 20 30 40 50 0 10 20 30 40 50

Aswe can see, the fitting appears very good.
Compare with the exact solutions.




.‘I. So(e-tllo _ l) +5.t ‘|5_ 56-1/10
| |
X(t) = 25e *°(5e*'® + 2) - 5(t* - 36t - 376)/8 X(t)=- 5" (5e**+2)/2- 5(t- 10)/4

%30_ 25g /10 (564/5 - 5?5 2) %56'“10(564/5 - 5?5 2)/2

Therelative error is better then 1% for all range, even with the relevant step used (h = 1).

FD versus PC or RK

If weintegrate the equation with ODE_RK4 or ODE_PC4 using the piecewise method we can find avery
similar graph but with an higher globa accuracy thanks to their higher order. On the other hand FD
method becames usefull when we have irregular or very complicated function.

For example, if we have to solve the equation of Fo

motion of the previous example with avariable force 15

F(t) like the graph to the right, it would be very 1

complicate and tedious to derive each equation for 0.5 4

each sub-interval. It is more convenient to samplethe 0

function F(t) and solve the ODE with an FD method. 051

The sampled data of F(t;) arelisted in thefollowing _1'; |

tables. The sampling timeis 1 sec. T 4 8 12 16 20
t 0 1 2 3 4 5 6 7 8 9| 10
F(1) 0] 025]| 05| 0.75 1] 0.75| 05| 0.25 0 0 0
t 11| 12| 13| 14| 15| 16| 17| 18| 19| 20|>20
F(t) |-0.25| -0.5]-0.25 0| 025| 05| 05| 05| 0.25| 0.25 0

If we assigne the values of the vector b(i) = F(i)/m in the worksheet showed in the previous example and
we solve the ODE with the macro ODE Linear |C, we find the following nice graphs of the position and
velocity.

X X
30 1.6
25 | \ 1.4
1.2
20 1 1]
15 0.8
10 | 0.6 1
0.4
5 4
0.2
0 0 4
0 10 20 30 40 50 0 10 20 30 40 50

Note how solving is quick and simple with FD method even in this case.



High order linear ODE
The function ODE_SY SL can also be used to solve high order linear ODE with constant coefficients, that
in general can bewritten as

(n-1)

y(n)+an_1y +----a2y”+a1yl+a0y:b

with theinitial conditions
YO%) = Yo Y(%) =Y s V' (%) =Y 0 YT (%) =

(nl

As known, such ODE can be transformed into a linear differentia system of 1% order.

Ky, 0 é0u
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having the initial conditions
%o =[%(0). %:(0). v2(0). ¥, 0] =[%(0).y(©).y"©),y"*©]
For exampl e assume tha you have to cal culate the solution of following I'VP problem:
Y45y +9y'+5y =0 , with y(0)=2, y'(0)=-3 , y"(0)=4

Introducing the axiliary variables y1 =y , y.=y' , ya=y", we get the following equivaent differential
system

v 60 1 00éyu i 1%0=2
0.6 U wi T

&.9=0 o 13’%’23 1Y,(0)=-3

&y, Hi 5-5 -9 - 54 8y 1v:(0=4

Observe that the last row of the matrix contains the coefficients of the given ODE with the opposite sign;
besides of that, it has only all "1" in the upper subdiagonal.

Insert theinitial valuesin the first row (range B10:D10). The column "x" was added only for clarity but it
is not indispensable at all.Select the range B11:D40, where you want to otput the results and insert the
function ODE_SY SL giving the suitable parameters. A, yo, h.

Then press CTRL+SHIFT+ENTER

The selected areawill befilled with the numerical solution of the given system

A B | c | D E |
= o 1 0 2.5
a 0 1
5 4 5 2 4
e vyl
h= 0.2 15 — Bxact

{=ODE_SYSL(B1.D3;H10.D10,85); |

1 4
X il w2 3 /
0 2 -3 4

02| 1.47369 22658 332229 0.5 1
04| 1.08H8 1673 261181
06| 07974 12161 187484
08| 053999 -0.8755 143064
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Observe that the solution y;(x) is aso the solution y(x) of the given ODE. Compare with the exact solution
y(X) =€ * + e > cosx

Of courseg, the above differential system may aso be solved with other methods.

In order to show the accuracy of

the exponential method we put in a Ve

graph the average rel ative error 0.1 —),»*""";”“”"Z """" L

&) = yi - yOi)l /[ y(d)l, 0001 | amamana=anaaa e |

obtained in the same condition, 1E-05

with 3 different methods: 1E07 | T Bler
Exponential, Euler, and Runge- 1E:09 | R4
Kutta4 1E-11 4 Bxpo
Thegraph is eloquent. The error of 1E-13 |

the Exponetial method is several 1E.15 |

orders more accurate then the 1617

others

Clearly it takes advantages using dedicated methods for linear differential equations.
Another important feature of the exponential method isits high stability
Let' stry thefollowing test stiff system

A2 1y,(0.4) = 0.6706555

1y, =-20y,- 21y,  1Y,(0.4) =-0.6770293

The exact solution is
i y]_ :e-x +e—20x
] _ i
ty,=-e%- 20e *

In the following graph we shows the numerical result obtained with three different integration methods,
Exponential, Runge Kutta of 4" order and Euler, using different integration steps

The Expo method reaches the integration length of about x = 19 withasteph=0.4

0.8 4 Ex -
po metho
0.6 4
h=0.42
0.4 4
0.2 4

0 = = »
-0.2 0 5 10 15 20
-0.4 4
-0.6 1

-0.8 1




The Runge-K utta method, using a step h = 0.14 gives accurate only for x < 3; after that the solution begins
to diverge.

The Euler method, with astep h = 0.11, begins to oscillate even from the first steps. For this step the
method is completely unstable.

Aswe can see the stability step of the Exponential method is here about 3 times greater than the others
methods.



Example. Solve the following linear differential equation of 3 order.
y'"'+5y"+33y'+29y =0 with y(0) =2, y'(0)=-3, y"'(0) =-20

Thislinear equation with constant terms can be transformed into the equivalent differential system:

éy'i 60 1  0uUéyl iy (0)=2
é,n_e 0.8, u i 1 -
digTe 0 0 Lgdng M 1023
&:f 829 -33 - 5484 1¥5(0)=-20
A [ Bl e[ b EJ]F ]G Solving numerically this differential
Ly a3y 28y = 0 (=2 y'(0) = -3 y"(0) =-20 system isvery rapid.

2 4 . . .
= . = ———— Simply write the system matrix A in the
% h |—ODE_SYSL[E55.D?,EI1D.D1D,EIS) | worksheet, for example, in.therange
5| A= i 1 i B5:D7. Insert the row starting val ues,
B | 0 0 ! [2,-3,-20] in therange B10:D10, where
= 8| 3 2 you want to begin the functions

9| 7l 2 3 tabulation. Choose a suitable step that
o i 2 3 0 you like, for example h = 0.05
11| 008 10273 38229 -12.952 .
f2] 09| 18233 -43044 63333 _Then, selectthg range B11:D60 and
13| 0.5 1.4028 4.4897 0.4229 insert the function
4| 02| 11809 -43634 44941 =ODE_SYSL(B5:D7;B10:D10;B3)
5| 02| 09701 -4.0392 82743 And give the ctrl+shift+enter key
1] ooz s e sequence.

The selected cellswill be automatically filled with the cal culated solutions.
Compare with the exact solution

y=¢e*+e ¥ cos(5x)

The following graph shows the exact sol utions (continue lines) compared with the calculated solutions
(dotted lines). We note a global good fitting.
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Vibrating spring-mass system 1

Consider asimple second order differential equation for

N

avibrating spring mass system. & \\
2
md—;( ox +kx=0 K c
dt dt

Where x measures the displacement from the N
equilibrium position, "m" isthe mass of the object M,
"c" isthe damping coefficient and "k" isthe spring X
constant.

Suppose that the object M is pull down of athe amount x,. Starting form thetimet = 0, the body is
released. We want to plot the space position x(t) and its velocity in function of the time.

Theinitial conditions are x(0) = xo and v(0) = 0. Becauseis x'(t) = v(t) P x'(0)=0

Therefore the system is solved by the following Cauchy problem

N 2
I;md—i( dx +kx=0
I t dt

1x(©0) =% , x(0)=0
Rewrite the equation

d’x _ casxo k

dt? mgdtg m
and being
2
dt dt®> dt

The equation can be written as a system of two first order equations

iX=v . 1x(0)=x,
%v:—(k/m) - (c/m)v with 1v(©0)=0

Or, in acompact matrix form, as
&u_¢ 0 R TR R
-é -é
S8 im) - crmi B &/, 8ol

Let's see how to solve the problem with X =10cm, k=10 N/m, m =25 Kg and different values of the
damping factors:. c=2,4,9 N>¢m

Al B T ¢ [ Db [ E [ F] We use the ODE_SY SL function.
; Earamemrs = A = : To set up the matrix insert the following
3 [c 2 ) 08 functions: [D3] =-B2/B4, [E3] =-B3/B4
4 |m 25 Choose an adapt integration step, for
%h o example, h = 0.09.
7 2 |(=ODE SYSL(D2 E3:B3:Co;BA Insert the starting values [0.1, 0] in the
B t i v first row B9:CO.
19_0 . ug - ugauﬂi; — 0342 Select the range B10:C109 _and insert the
7] 01| 009383 0 0656 function QDE_SYSL with its arguments
12| 0.27|0.08674| 0.0925 (seethefigure)
(13| 0.36|0.07738) -0.1146




Notethat ODE_SY SL isan array function and must be inserted with the "ctrl+shift+enter" key sequence.
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0.1
0.08
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0.04
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0.1

0.05

o

2 4 6

8

By changing the parameter "c" in the cell B3 is easy to obtain the following transient functions

Position x(t) forc =2, h=0.09

Velocity v(t) for c=2, h=0.09

0.12

0.1
0.08
0.06
0.04
0.02

-0.02
-0.04

o

2 4 6

0.04
0.02
0
-0.02
-0.04
-0.06
-0.08
-0.1
-0.12
-0.14

o

2 4 6

8

Position x(t) for c =4, h=0.09

Velocity v(t) for c =4, h=0.09

By changing the parameter "h" in the cell B6 is easy to rescal e the transient functions
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-0.02

1 2 3

0.01
0
-0.01
-0.02
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-0.05
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-0.07
-0.08
-0.09

o

1 2 3

4

)]

Position x(t) forc=9,h=0.04

Velocity v(t) forc=9, h=0.04




Now suppose that a constant force F is applied to the object M in equilibrium. We want to plot the space
position x(t) and its velocity v(t). Theinitial condition are x(0) = 0 and v(0) = 0.

The Cauchy problem is now:

=v
v'=-(k/m)x- (c/m)v+F/m

Or, inits equivaent matrix form:

ix(0)=0
where i

v(0) =0
0 &0 QU
f &, &b

Respect to the previous example
we have added the parameter "F" in
the cell B5 and the vector "b" in
G2:G3, calculated as [0, B5/B4]
Choose an adapt integration step,
for example, h = 0.009.

Insert the starting values [0, 0] in
thefirst row B9:C9.

Select the range B10:C109 and
insert the function ODE_SY SL
with its arguments (see the figure)

&u_¢ 0 1 uew é0
e~ e U Ut e
&t & (k/im) - (c/mgavh & /m

Solvethe problemwith F=1N, k=10N/m, m=25Kgand c=3 N>xm

A | B | ¢ | o | E | F | & |

1 |Parameters A b

2 |k 10 O 1 O

3 Ic 3 -4 1.2 0.4

4 |m 25

5 |F 1

B |h 009 [{=0DE_SYSL{D2 E3;B9:C9,66,G2:GI)}|

7

g 1 ¥ y /

9 | 0 0 0

0| 0.09{0.00156]| 0.03354

1| 018000597 | 0.06357

12| 027|0.01282|0.05784

13 0.36)0.02163) 010712

The position and vel ocity transients ook like the following.

0.16 0.15
0.14
0.1+
0.12
0.1 - 0.05
0.08 -
0 — N
0.06 4 \jv e ol
0.04 - -0.05 4
0.02
0 ; ; : : -0.1
0 2 4 6 8 10 0 2 4 6 8 10

Position x(t) for c =3, h=0.09

Velocity v(t) for c= 3, h=0.09

From the position plot we note that the final equilibrium positionis 0.1 m = 10 cm below the "free"
unloaded equilibrium position. This can be confirmed writing the static equilibrium equation

F=kx, P x, =F/k

where we the symbol X, meansx(¥). Substituting we have X, =0.1m
The"settling" time, thus the time where the position is set under the 5% of the final position is about 6

SeC.




Vibrating spring-mass system 2

Consider asystem of second order differential equations
for adouble vibrating spring mass system.

d’x  dx
m, o2 +C pm +kx =0
d’x, aglx, dx 0
m,—>+¢C,c—=- —++k,(x,- x,)=0
2" G2 zg ot ot 5 2( 2 Xl)

Where x,; and x, measure the displacements from the
equilibrium positions; "m;" and "m," are the mass of the
objects M1, My; "¢," and "¢," are the damping
coefficients; "k;" and "k," are the springs constants.

M;
X1

K, /2 K, 12

| i

o |

The problem is equivalent of 4 first order ODEs with four variables and initial conditions, that can be

easily written in matrix form

d
oy,
dt
dv, _ éc, k, U AX ()
- y ex;'u
T Vit X A
. &ém ~ m g <A
&, _ &,
d  ° é u
; V2
dv, _ €c, K, u
d -T€ (2 V1)+7(X2' Xi)U
t em, 2 u

@D> (D> (D> (D> (D} D> (D

0 1 0 0 u o
k c a e u
- -—= 0 048,
m m, aeta
0 0 0 1 &
K, G K, Cué U
M T g €0
m, m m, mf

Now let's perturb the system pulling down the object M, of the amount xo= 0.1 m. Starting form thetimet
=0, the system isreleased and we want to plot the space position x,(t) , X,(t) and their velocities v4(t) and
V,(t). Theinitial conditions are x;(0) = Xo , V1(0) = 0, X2(0) = Xoky/(K1+kz) and v(0) =0

A [ 8 [ ¢ o[ E T F [ 6

1
2 ki 10 0 1 0 1]
3 |zl 2 -10 -2 a 0
4 mi 1 0 1] 0 1
5 k2 10 4 24 -4 -24
g |2 G
T om2 25

= oge [(=ODE_SYSL(D2GAB1ZE12E9)] |
10
11 t ®1 Rl x2 w2

EF ol oos ol a1 0

13 0.04( 0.049651 | -0.0192( 0.09533 | -0.0055

14 0.03( 004549 -0.0366( 0.0993| -0.013
13 0120004671 | -0.0521 [ 0.09535| -0.0253

The matrix is built with the following
functions.

[D3] = -B2/B4
[E3] =-B3/B4
[D5] = B5/B7
[E5] = B6/B7
[F5] = -B5/B7
[GS5] = -B6/B7

Calculate the startin value x;(0) by
the formula =D12*B5/(B2+B5)
Insert the starting values [0, 0.1, 0]
in therange C12:E12.

Choose an adapt integration step, for example, h =0.04. Select therange B13:D112 and insert the
function ODE_SY SL with its arguments (see the figure)

Thetransient of the positions x,(t) and x,(t) are shown in the following plot
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and their correspondent velocities v4(t) and v,(t) are shown in the following plot
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Note how quick and easy is the solution of this complicated differential system. We can simulate the
complete transient simply changing one or more parameters of the given mechanica system.



Electric Circuit 1

Consider the one mesh circuit of the figure.

At same arbitrary time, i.e. t = 0, the switch is closed.
We want to evaluate numerically the transient of the
current i(t) flowing into the coil and the voltage drop
v(t) across the capacitor.

Parameters are:
R1=100hm,L1=15H,C=100uF

E=2V

By mesh anaysis we write the equations of the voltage drops across the circuit

idv_1, That systemcan  1dv _ 1.

1|,' d C be rearranged as } d C

v+l Ri=E b jd__ 1, R ,E

t fdt L L L

That can be written in matrix form as
eu_e 0 1UCaeu €0y
T SVRNENE g Y
A simple worksheet arrangement may be the following
A s [ € b | E Insert the following functions into the relative

1 |r 10 ohm
L2 c 100 uF cells.
o 1 [BS] = 1/(B2*10"-6)
5 |h 0.002 [A9] =- 1/B3
= - [B9] =-B1/B3
8| 0 10000 i [D9] = B4/B3
"8 | -0EBET .5.555?| ‘ 1.3333|
% [(=ODE_SvSL(AR:ES C14.014 811 DEDS)] | Insert the starting value [0, 0] in the range
Az _ B13:C13, and choese a suitable step (h = 0.002)
o — o0 Select the range C15:D177 and insert the
% gggi function ODE_SY SL with its parameters.
G| ooos
18| o0oos
19 0.0
20] ooz
21| ood

The exact solutions are
i(t):Ee'S‘sin(wt)
wL
E 5 st S & u
V(it)=—————Al- e”° (cos(wt)+—sin(wt),
(t) LCwi+s?) (cos( )W ( )H
where
440° aR¢'

¢+ and S :B
LC &éLg 2L

1
w==
2



The curves obtained (dotted line) are shown in the following graphs togheter with the exact solutions
(continue line)

The voltage v(t)

The current i(t)

0.02

0.015

0.01

0.005

-0.005

-0.01

-0.015

You can verify that the global relative error is better then 1E-10 in the range 0<t < 0.35 (164 points)



Electric Circuit 2

Consider the coupled coils of the figure.

At same arbitrary time, which we shall call t =0,
the switch is closed. We want to evaluate
numerically the currents transient of the circuit.
Parameters are;

L1=1H, L2=2H,M=1H,

R1 =4 ohm, R2 = 6 ohm,

E=1V

By mesh anaysis we write the system of the voltage drops across the coils

i, di di idi, _-RLi,+RMi,+EL,
i. +M 2—E That system can 21 2
¥L1 dt *RL dt be rearranged as Jlld LL,-M
0L d_ +R; +Mdi1:0 p Id RlMil—Rzl_liz—EM
T dt 2 dt fd LL,-M
That can be written in matrix form as
1 ¢ RL,/D RM/Du é,u éLZ/DU

é,'u
Py . =é + -
8,0 &rm/p - RL/DEEE & m/of
where D=L,L,- M?
A simple worksheet arrangement may be the following

[D5] = B6*B5/E2, [E5] = -B7*B3/E2
[G4] = B8*B4/E2

Lpar:metirs B [ ¢ | D | E 1| F e [ H  Insertthefollowing functions into the relative
3 U 1 cdls.

%;2 12 ‘ 3 g| ‘ 12| [E2] = =B3*B4-B5"2

B 4 [D4] = -B6*B4/E2, [E4] = B7*B5/E2

iﬁ2 15

o

ETE [GS5] =-B8*B5/E2
Az Insert the starting value [0, 0] in the range
% o2 00359 007 B13:C13, and choese a suitable step (h = 0.02)
T A i Select therange B14:C153 and insert the
Tr] oos| 01074 -004es function ODE_SY SL with its parameters.
The curves obtaines are shown in the
following graph. 03
0.25 4
Compare with the exact solution 02 |
i,(t) =0.25- 0.1e*-0.15e™ 015 | —i
. ' —_—i2
|2(t):'0.1(e_2t' e-lzt) 01 4
0.05 4
0 T |
0.05 7\/
-0.1
0 0.5 1 15 2 25 3




Elastic Beam 1
Another linear ODE that has important applications in materials science is that for the deflection of a
beam.

d2y6_
d g a5

where: y isthe beam deflection, w(x) isthe load density (force per unit length of beam); E is Y oung's
modulus of elasticity for the beam and | is the moment of inertia of the cross section of the beam. If the
moment of inertiaand the Y oung's modulus do not depend on the position in the beam (the case for a
uniform beam of homogeneous material), then the beam equation becomes:

4
El — d’y =W(X)
dx*

Substituting the variables y, =y, y, = y", ys = y™ this 4™ order equation can be transformed in a 1% order
equivalent system.

iy' Y1 éyu € 1 0 Ouéyu é 0 o
é .0 ae,u é a
Lyl Y, hg_d 01 Ou>(éY1@+é 0 4
[%=Y, 8,0 € 0 0 108G ¢ 0 U
e°u é aé’u e a
fyy=wi/Bl &% @ 0 0 0janh &vE]

Unfortunately the system matrix, in this case, has arow and a colum both null and, thus, issingular.

We cannot use it with the ODE_SY SL function. We should use ODE_RK4 or ODE_PCA4.

Before attempting to solve the ODE is convenient to transform further the given system in a better useful
form using the know relations:

s=y' Slope
M =Ely" Bending Moment ?
T=M'=Ely" Shear Force

Substituting, we have anew differential systemin the variable y(x), s(x), M(x), T(x)

iy=s 1y(0) =y,
[S=M/El withthe 15(0) =5,

[ oni initial 1 _

| M'=T conditions | M(0) =M,
tT'=w 170 =T,

The shape of aloaded beam is determined by the loads applied over its length and its boundary conditions.
The boundary conditions can be determined because each derivative of has a specific meaning: the beam
curvatureis related to the loca moment M; shear forces T are related to the rate of change of moment
along the beam. Usually they can be calculated using static equilibrium conditions.

Let's see how it works with the following problem

N

VI

2 Many authors convencionally define M = - El y" but the concept is the same.
Of course the graphs M and T have the sign inverted



The beam has lenght L = 1; it isloaded with a costant load density w = 1, and its product El = 10
First of all we calculatetheinitial conditions. They can be easily derived from the following equilibrium

equations; To+WL=0P To=-wL and Mo-wL%2=0 b Mgo=wL?2

A possible worksheet arrangement is:

& B C oD | E | F
1 h i L El y' =8
| 2| 005 | 1 10 s' =M /El
EX =T
4| |{=ODE_F‘C4(F1:F4,AT:ET,A2,EIQ,D2)} I T =w
=
& \ b ¥ 5 i T
7 ¥ o 0 0 0s 1
| 8| o005 BE0S DO023E 045125 085
ER 01 000023 000452 0405 g
| 10| 045 000051 000643 035125  -085
11| 02 000087 000813 0.32 08
| 12| 025 DO0M32 000964 028125 075

Inthe cel D7 and E7 insert the following
formulas:

[D7] = B2*C2"2/2

[E7] =-B2*C2

Insert the ODE equationsin the cells F1:F4
y'=s

s =M/El

M'=T

T=w

Select the range A8:E27, insert the function
ODE_PC4 (ot ODE_RK4) ginving its parameters
and press ctrl+shift+enter

Remark. Thelabels"w", "EI", "x", "y", "s", "M", "T" inserted in the cellsB1:D1 and A7:E7 must exactly
match with the variables inserted in the ODE equations.

Aswe can see, al the most important functions are returned directly from the ODE integration, and

their plots are the following
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Non-Linear ODE

The Cardiac Cell Electric model

The predictor-corrector schema can be applyed to small non linear smooth system. A suitable such system
is the FitzHugh-Nagumo equations, avery simple model for the electrical activity in cardiac cells. For
simplicity we consider a normalized system, given by:

ivV=v(l-Vv)(v-1/2)- w
%W:v— w

with initial conditionsv(0) =0andw(0) =- 1

A | B | © | ©O | InserttheequationsdefinitionsinthecellsA2

1 and A3; the step hin the cell D3 and theinitial
T2 = (- 1) - w h valuesin the range A7:C7. Do not miss the labels
3w =v-w 0.05 "t","v", "w" just above the cells A7:C7
% |{:ODE_P04(A2:,&3;A?:C?;DB)} | Select the range A8:C160 and insert the

g t . - ODE_PC4 (the 4y, order Adams-Multon-
7 0 0 K j/ Bashforth integrator) by the ctrl-shift-enter keys
8 [ 005 0048198 -0.95003 sequence.
| = 0.1 0093051 -0.50023
10 0.15 0134681 -0.85075
AN 02 017334 -0.80171
2 025 0210426 -075322

The plot of the solution v(t) and w(t) for 0 <t < 8 isshown in the following figure
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Rigid body equations

This exampleillustrates the solution of a standard test problem proposed by Krogh for solversintended for
nonstiff problems.

The ODEs are the Euler equations of arigid body without external forces

RS2 iy(0)=0
by o= l -
1Y2=-Y1Ys i Y,(0)=1
I " I —_—
Y3 =- 051 Y1Y2 | y3(0) =1
The solution in Excel is very quick.
A 1B | ¢ | D |
1yl =y2my3 h 1.2 [
L2 |y2'=y1%y3 0.2 1 <8
C3 |y =-0.51%y1%y2 0.8 ’,‘".l' ’f.“'\
4= : : 0.6
5 |{—ODE_F'04(A1.AB,A?.D?,DE)} | o
B | \x il 42 y3 0.2 —ay1
7 4 o o 1 1 0
8 02 0198 09802 098995 -0.2 ¢
9 04 038457 092309 096155 -0.4
10| D6 055054 0.6348 091946 -0.6 -
I 06 06038 072338 086997 0.8 1
12 1 080212 059698 051955 -1
13 ] 12 088658 046223 07739 1.2
14 14 084597 032368 073715

we may also use the ODE_RK4 for solving this ODE system. The differences between the vaues returned
from the two functions are less then 0.1%

Note that we have obtained all the 59 pointsin asingle step selecting the range A8:D66 and inserting
ODE_PC4 with the CTRL+SHIFT+ENTER sequence. Thistrick improves the efficiency but on the other
hand it obligatesto choose in advance al the integration points.

More flexible (but less efficient) is the following method step-by-step

Select therange A8:D8 and insert ODE_PC4
giving the correct parameters. Remeber to fix the
range A1l:A3 and thecell D2 by the character $

Drag the selection down in order to get all the
integration points that you like.

A | B | ¢ | D | E | A | B | ¢ | b | E

1 |yl =23 h 1yl =2y h
L2 |y =-yl*yd 0z L2 |y =-y1*y3 0z
3 |y = -0.51%y1ry2 3 |y3' =-051%y1%y2
%|{=DDE_F‘04($A$1 $A53 A7.07 3D82)) | %|{=DDE_F‘C&|{$A$1 453 A7.07 3D82)) |

b \}{ yl yd w3 4 \}{ il Y2 w3

7| ¥ o 0 1 1 7 ¥y 0 0 1 1

g 0.2 04195 09502 0959950 i 02 0198 09802 095995
i i 04 035457 092309 096155
ﬂ £ 0B 055054 08343 091946

11 11 08 063039 072343 0.87

17 17 b




Pendulum

The pendulum shown consists of aball with
concentrated mass, M attached to arod of length
L whose mass is assumed to be negligible with
respect to that of the ball. The governing
equation for this dynamical system isgiven by
the following 2" order, non-liner ODE for the
displacement angle q.

é&+%sinq =0

where g is the accel eration due to gravity (g @9.81 m/s” near the ground)
This equation can be transformed in the following equivalent system

wherew is the angular acceleration.
We can solve the problem setting the parameter L = 1 m and the starting position o = 0.5
A simple arrangement is

A [ B [ ¢ | o[ E |
1 g=n q L h 4
2 o' =-g/l*sin(g)  9.81 1 0.1 3 //>V\ /\
3 21
5 [I=0DE_PC4{A1.A2 AR:CR E2,C2,02} 14
— ) N | | !
t =} @
B 0 05 0 / 14
7 01 0476653 -0.463536 21 —q
i 02 04086358 -0.886742 -3
9] 0.3 0301966 -1.2304513 -4 "
ﬂ 0.4 01E635 -1.4593976 0 1 2 3 4

Now we solve the problem with a different starting position go = 1. It can simply be done by changing the
valuein the cell B6

Plotting the two functions q(t) in the
same graph, we observe that the same
pendulum oscillates with different 1

periods for different amplitudes. |
Thisillustrates an important property 051 /
inherent to non-linear differential o ‘ ‘ ‘

equations; the free response of alinear
equation has the same period for any -05 1
initial conditions, whilein contrast, the

form of the free response of a non-linear
ODE often depends on the particul ar 15
values of the initial conditions. 0 1 2 3 4

15




Solutions Family

In the study of a differential problem, for example a Cauchy problem, we shell encounter the following
important sub-problems: the existence and the uniqueness of the problem itself; the continuation of the
solution, the study of the behavior of the solutions as x approaches to infinity, etc.

All these problems needs of functional analysisinstead of numerical computing. But, often, the numerica
approach gives us good feedback and valuable hits for the problem comprehension®

Example 1: study the following differential equation y'= /| y*- 1|

- Insert the equation in A1 and choose areasonable
1 |y =sgrily2-1) X y step, for example 0.1. Add the labes "x", "y" at
2 ] 2 the cell C1 and D1 just above the strating values.
3 |h 0.1 0.1 PEE3E5TE Select the range A3:D40 for 40 integration points
4 el 02 -1.6314 and insert ODE_RKA4.
5 |[i=0DE_RK4(#1,C20283} |3 4563234 The solution [xi, yi] appearsin the selected cells.
B | 0.4 -1.450702

The solution can be quickly changed by changing the cell D2. Choosing a set of values from -2 to 2 with
step 0.2 we can draw the following family solution

4

3 4

2 4

D E__g /;I |
W 2 3 L

) ]7‘/

The blank curve acrossesthe zero, i.e., y(0) = 0. the curves above are obtained for y(0) > 0 while the curve

below for y(0) < 0. Note that that for y(0) = +1 the solutions became constant,. y = +1

Compare with the exact solution for y(0) =0

i-cosh(x+p/2) x<-p/2
y=tsnx -p/2ExEp/2

}cosh(x— p/2) x>pl2

Example 2. study the differential equation  y'=y- x°y* forx>0 and 0<y(0)<1

ThisisaBernoulli's equation.
For y(0) = 0thesolutionisy = 0, aswe can easily verify by substituting.

% see al'so the Macro Slope Grid



For y(0) > 0 we can numerically solve the equation choosing the initial valuesy(0) = 0.1, 0.2,0.3 ... 1.

A& | B | Insert the equation y ' = y-x*2*y"2 in A1 and choose a suitable

L1y =y - wr@®yng step, for exampleh = 0.1.
%h 01 Now insert the label "x", "y" in A5 and B5 and insert the starting
e ' valuesin the cells A6 and B6 just below, for example [0, 1]
|5 [x y Select therange A7:B7 and insert the formula

B 0 1 =ODE_RK4($A%$1,A6:B6,$B$3)
| 7 0171104774 with ctrl+shift+enter key.
% g'g 1 g;zg;g Drag the selection A:B7 down until you reach the wanted range
TR 04 1449047 (for example 0 <x < 4).
11 | 05 1554074 Now change the starting cell B2 from 1t0 0.9, 0.8till 0.1, in order
[12] 06 163615 to have arepresentative set of the solutions family.

13

Plotting the solutions set, we have the following graph

y = y-(x*y)™2

Compare with the exact solution.
1

X2 - 2x+2+(1/y,- 2)e*

y(x) =

Now tray to extend the solutions set for x < 0. Re-insert thevauey = 1inthe cell B6. and insert the step
h=-0.1inthecdl B3.
This simpletrick inverts back the direction of integration: from 0t0-0.1,-0.2 ... -4.

Overflow. This example shows an interesting thing. Many time the 32 2B 1985426
solution grows so large that can easily overcome the limit of the 33 2.7 T28e8a37
standard arithmetic. In this example, with y0 = 1, probably you will gg . 28 aanEa

get an overflow error "?' at the step x = -2.8 and consequently the 3B | #vallE AVALUE!
errors#VALUE in the cells below. 37| #VALUE | #vaLUE

Note that just before the overflow interruption, the value of y is more than 1E+23.

Thisisvery common for mathematical and didactical ODE. For particular value of x the solution can
blow-up to infinity.

Anyway the steps cd culated before the overflow are substantially correct and we can use them for
plotting. Note that, instead of inserting ODE_RK4 in the entire range A7:B45, we have inserted the
integration function step-by step. Thismodeisless efficient but it alows to usto discharge the steps that
arein overflow error.

Putting together, we have the final plot also for the negative x-axis



Example. study the differential equation y'=y+x2y?

for-4<x<2

Thisis gill aBernoulli's equation very similar to the previous one.

Using the same method we can build the following graphs

Solution set for x >0and y(0) =0.1,0.2,0.3, ...1

and 0<y(0)<1

6

5

4

Solution set for x <0and y(0) = 0.1, 0.2,0.3, ...1

1
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0.8
0.7
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Macro ODE Solver

This macro performs the numerical integration of ordinary differential equations systems (ODE) using the
variable step Runge-Kutta-Fehlberg method.

Runge-Kutta-Fehlberg

The Runge-K utta- Fehlberg method is an adaptive procedure for approximating the solution of the
differential equation y'(x) = f(x,y) with initial condition y(x0) = ¢. Thisimplementation evaluates f(x,y)
six times per step using embedded fourth order and fifth order Runge-Kutta estimates to estimate the not
only the solution but also the error. .

yli+1] =y[i] + h* (25/216* k1 + 1408/ 2565 * k3 + 2197 /4104 * k4-1/5* k5)

where

k1 =f(x[i]y[i] ),

k2 = f( x[i]+h/4, y[i] + h*k1/4),

k3 = f( x[i]+3n/8, y[i]+h*(3/32 k1 + 9/32 k2) ),

k4 = f( x[i]+12h/13, y[i]+h*(1932/2197 k1 - 7200/2197 k2 + 7296/2197 k3) ),

k5 = f( x[i]+h, y[i]+h*(439/216 k1 - 8 k2 + 3680/513 k3 - 845/4104 k4))

k6 = f( x[i]+h/2, y[i]+h*(-8/27 k1 + 2 k2 - 3544/2565 k3 + 1859/4104 k4 - 11/40 k5) )

x[i+1] =Xx][i] + h.

Theerror is estimated to be

er=h*(k1/360- 128 k3 /4275 - 2197 k4 / 75240+ k5/50+ 2 k6 / 55)
The step size h is then scaled by the scale factor

scale=0.8* | epsilon * y[i] / [err * (xmax - X[0])] | N(1/4)
The scale factor is further constrained 0.125 < scale < 4.0.

The next step sizeis then calculated using the preassigned tolerance and error estimate
h:=scae* h.

The macro ODE solver implements this algorithm for solving ODE with initial values (Cauchy problem)

Y=1(%Y) o Y(%)=Ye X EXE X
aswell an ODE system

y'=f(xy) . Y(X%)=Ys X EXE X

where y = [yl, y2...yn]T isthe vector of depend variables

The macro can work with equationsinserted directly in the worksheet as any other Excel function or,
aternatively, with equations defined by symbolic strings.

The macro implements a control of thelocal error and changes the integration step consequently Therefore
the precision can be set independently from the tabulating step. The independence of the integration step
from the tabulation step is the main feature of this macro.

In order to save time, the macro implement a predefined simple input schema

Let's see how to use it with asimple example

Example 1. Wewant to solvethe problem y'=-6x°y? , y(0)=1, for O£ x£25
and we want to tabulate the solution y(x;) with 50 equispaced nodes (tabul ating step = 0.05).
In addition we would to obtain each nodes with high precision of about 1E-6

Let's prepare the following simple worksheet arrangement



Now select the all range A4:C55 and start the macro

A, B D
4 i ¥ ¥

5 0 1 0

B 0.05

o

=l 015

=R 02

10 0.25

11 03

12 0.35

In A column, range A5:A55 we have set the
tabulation grid with step 0.05.

In B column we put the solution y(x) and in
column C the derivative y'(x). Just simple and
straight.

In the range A5:B5 we insert the starting values
(0, 1) and, finally, the function = -6* A5"5*B5"2
inthecell C5

ODE Solver B
1st-order Yector Differential Equations Solver
Initial values
Equations Source
( * wWarksheet € Symbalic
Differential Equations v' = Flx, v...) Err.max
| cs = | iEe
‘tariables: x, w... Skeps
| As:Es =l | 50
Skarting walues: =0, w0, .. Length
| As:Es =l | 2=
vy

Run ? |

X

Differential Equations linksto the cell where the
equations Y' =f(x, y) isinserted.

Variables are the cells (x, y) referenced by the equation
formula of the cell C5

Starting values provides the starting values of the
differential problem and must point to the cells at the
beginning of the table (they may or not may coincide
with the variables cells).

If we have followed the above schema, the input fields
are correctly filled.

We have only to set the precision

Err. Max = 1E-6

Optionally, if we want the macro to fill also the
derivative column, activate the check box

vy

The macro output the result y and, optionally, the derivative y' just below the starting values
Press "Run" for starting the ODE solver

* ¥ ¥

1} 1 0

0] 0933333 -GE-05
045 09333836 000045561
0.2) 0933336 -0.00131375
0.26) 09997669 -0.00625652
0.3) 09332715 001465377
035) 08331651 003133753
0.4) 09353207 -0.06093376
045) 09317646 010890073
05 09246154 -0I7FEIS
056) 09730645 -0.28632251
OE] 09654238 -0.42583203

=

]

=

0.05 1 -1.B7BE-08

0.5 4

R

0.4 4

0.2 4

The graph at the right shows the tabul ated solution (dotted line) compared with the exact solution

y(x) = 1/(x®+1) (pink line). We note a global good fitting; the relative error is less the 1E-6 for each node
in the whole range. Note that at the end of the range the values become quite small

('y <0.005) but the RKF agorithm still maintains avery high relative precision (¢ , < 1E-6).




The macro can solve aso ODE systems.
Example 2. Find anumerical solution of this simple differential system

}yl':yz
iY,'=-4y, - 95y,

1y,(0=2

1y.(0)=0
1%:(0) andwith O£ XES

Arrange the worksheet reserving two columnsfor [y , y» ] and the two adjacent columns for the
derivatives[y1', y2']. In thefirst column set a x-grid with 50 step of increment « x = 0.1.
Then select the area A4:E55 and start the macro ODE Solver.

A B c D E
4] ¥1 Yz ¥ ¥z
5 | 0 0 3 3 15
6] o
7| oz =C5
81 03 =(4*B5+5*C5)
8] o4
0]  os
1] o8
Jzp o7
43| os
4] o3
A5 1
K
a7l 1z
KN B =
9] 14

Press"Run" to start the integration algorithm. After few seconds and about 1400 function evaluations, the

ODE Solver 1

1st-order Yector Differential Equations Solver
Initial values

— Equations Source

& Worksheet

™ symbalic

Differential Equations v' = f(x, v...} Err.mas

| osiEs =l | 1es
Variables: =, v... Skeps
| ascs = | 50

Starking walues: x0, w0... Length

| asics = | 5

o
Run | ;]

macro output its result. Each solution node has arelative error less then 1E-6.
Compare it with the exact solution

- X

y,=¢€

-e

y2 :_e-x+4e-4x

The following graphs shows the exact solution (pink ling) and the calculated solution (dotted line)

0.5

045 4
04
0.35 4
0.3 4
025 4
0.2
015 4
01 4
005 -

k)

34
25 4

Note the general good fitting. It is aremarkable result overall if we consider the relative few pointsin the
initial range where both functions have high swinging. Thisisacommon effect due to the fixed grid: only

Solution y;(x)

4 nodes cover the high oscillating range.

Solution y,(x)




Variable grid. Sometime we would take more nodes in the range where the functions change faster,
using a variable step grid. In the above example we need closer nodes at the beginning of the origin and
more sparse in the remaining part. The macro can also work with variable grid.

For example taking the nodes: x, = 0.002*n* for n=0, 1, 2...50 we get the following result

A, B c D E F
n Xn
0 0 4 n % ¥y ¥z ¥y W2
5 0 0 0 3 3 A5
1 0.002 75 | 1 0002 000597 2870126 29701257 -14 67451
2 0.008 7] 2 0003 0023525 2881904 28519944 14 50407
3 0.018 & 3 0018 005163 2739953 27300626 -13 90633
p 0,032 ‘9| 4 0032 0088653 2550007 25509089 -1310915
10 | 5 005 0132499 2323604 23236936 -12.14546
> 0.05 1| 6 0072 0180769 2068515 20685154 -11.0R565
A2 7 0098 0230945 1796168 17961675 -0.904617
13 8 0128 0280558 151733 15173296 -0.708579
[IR] 35
045 4
0.4 31,
0.35 - 25 4
0.3 4 2
0.25 1 5
0.z 4
015 1+
01 4 05 4
005 #
0 1 2 3 4 5 5 05 : : t 3

We note more dense points where the functions change quickly. Observe that the grid choice (variable or
fixed) does not affect the general precision of the solution. In both cases the nodes have a precision better
then 1E-6

Stopping long daboration

Sometime the elaboration becomes too slow or the algorithm cannot overcome atoo difficult step. To
escape from this hanging status we can click the "Stop" button. The macro automatically endsits
elaboration and output the results obtained at this moment (if any).

The macro can automatically abort the elaboration when some critical situation occurs.

IERR 2: Too many evaluation loops. For each step the max number of loopsis 400.

IERR 3: Max relative error too small. The minimum precision is 3E-13.

IERR 4: the solution values grow too large (overflow) and/or the optimal increment step cannot be
achieved.

Automatic Grid. In order to save time, the macro memorizes the parameters (length, steps, err.max) of
the last eaboration. Thereforeif you want to solve another problem with the same fixed gridiit is
sufficient that you provide only thefirst definition row. The macro will automatically generate the grid
(only fixed grid). See the following example

IY'=2Y, - V1Yo iy,(0)=1

i, i OEXES
1Y, =3y, +05y,y, i¥,(0)=0



A, B C D E Insert in D2 the function: = 2*B5-B5*C5
4 * W1 Wz ¥y Va Insert in E2 the function: = 3*B5-0.5* B5*C5
5 0 1 o % 2 5
£ Select the range A5:E5 (or A4:E5 indifferently) and
s =2"B5-B5*CS start the macro
g
o |=3*EIS+EI.5*EIS*C5
2 B c D E x
4 ¥ l!l'li '!."2 1,"1‘ .!Il.zl l;:.:’::_“;:ﬁ.u‘ il o aivtiad B thons Solhwes
5 |:| 1 |:| 2 3 Ecustiorn Sousce =
5 01] 1.201654 0339514 19953302 3.505951 F Wodshaat Symboke
7 02| 1.389907 | 0764623 1.7170591 4 7010936 .
& 03| 1.533533 | 1.279449 1 1052045 55827311 Dffwetil Epmione v 4, d
g 0.4| 1600963 1 575576 01957155 £.3045124 | osies E S
10 | 05| 156935 2520186 -0.530494 66I27EET Vasiables: 5, ¥... g
11 05| 1.439383 3198935 1725727 66203950 [ wsics I @
12 07| 1.236075 3837505 2271291 £.079945
13 05| 0.999156 4.403437 -2.401408 51973291 R | D
14 04| 0766537 | 4872122 -2.202449 41685709 = ==
7y
Aswe can seethe x-grid is generated by the macro itself :
Aun | I
18 T
15 - 0 .
14 4
12 4 ® 1
14 4
0.8 1
06
04 £
nz 11
a T T‘ y y 0 T T T T
1] 1 2 3 4 L3 E ] 1 2 4 |3 [

Symbolic equations
We can aso define a differential equation by asymboalic string. For example

y'=-6y’sin°(p x) , y(0)=1

A |l B | ¢ |
=
A |y = -6%sinpi* ) Sty 2
5
Bl o« | oy |
I T 1
8] o1
8] oz
0] o3
1] 04

Put the string  y' = -6*sin(pi*x)"5*y"2 somewhere

above the table defined in A6:C57.

They' columnisoptional. If present, do not add any
formulain it. Select the range A6:C57 and start the

ooe sebver
Ist-order Vector Differential Equations Solver
Iritial e
Enysstinns 5o rts
T Wahshest % Symbalic
[iffararrisl Bquations ' m i, ¥, .0 Ert, ma
[ 2 = [ e
Parnmarses Sreps
I = | e
Seading valiss: o, Wl Lty
[ arer = ]
" '}ﬁ'




macro

Because the macro do not find any Excd formulain columny' (if any), search for a differential equation
string above the header table. Make sure that the equation contains the same symbolic variables "x" and
"y" that we have inserted in the header 1abels.

The parameters entry field is optional; it may be used for passing values to same parameters contained in
the equation

A | B | ¢ D When the equation contains one or more
L3 i parameters we must aslo insert the cells containing
A |y = -B¥sin{etty 22 their current values: D4 in this case
5
5 ¥ ¥ | y' Parameters
7 0 1 0 | D4 [~
=N 0.05 0955744 -1.00721

Note that, dso in this case, the label symbol "w" above the cell D4 must coincide with those contained in
the symbolic equation. This permitsto the internal math parser the correct association values-variables

Stiff ODE.
The RKF agorithm can be used for solving moderate stiff equation.

y"+101y'+100y =0 , y(0)=0 , y'(0)=99 , 0E£XES

has the exact solution y =€ * - e '®*, The dtiff-ratio is 1:100
We choose atabulating step of 0.1, in order to obtain atable of 50 nodes with arel. error less then 1E-5,
without regarding of the constraint induced by the integration step that should be considerable smaller. As
known, the 2™ order differential equation can be transformed into the following 1% order differential
system

\|, y1': Y, \|, yl(o) =0

i, i OEXES
1Y,'=-100y, - 101y, 7Y.(0) =99



& B C o E
4] = ¥1 ¥2 ¥ ¥z 0e ]
_5 | i 0 99 9d_-99939) 0 |
B 01 080479 -0.9003 -0.9003 045054 07 ]
T 02 081873 08187 -0.8187 | 081871 06
8 0.3 074082 -0.7405 -0.7403) 0.74051 0'5 ]
= 0.4 067032 -06703 -06703| 067032 0:4 ]
. 0.3
InsertinD1=-C5 0z
and insert in E1 = -100*B5 -101*E5 014
Then select A5:E5 and start the macro using 0 . . ! !
Err Max = 1E-5, Steps = 50, Length =5 0 1 2 3 4 5 P

Aswe can seg, al the nodes are correctly tabulated with the require precision even if theinitiad transient is
quiteinvisible. But, astold, the output setting does not influence the final precision.

Of course, for reaching this result the algorithm has performed much more inner steps than 50 used for
plotting. In this example the total evaluations was about 4000, taking about afew ten of seconds. Higher
stiff-ratio equations could be solved but the e aboration time increases sharply.

In that case we can try to reduce the precision: areative error of 1E-3 (0.1%) is usualy agood
compromise for plotting. For example, the solution of the following Van der pool stiff equation

y"-11(1- y?)y'+y=0 , y(0)=2, y'(0)=0, 0£ X£35
isequivaent to

iy, =Y. 1y,(0)=2
W= KO=2
1Y, =11L- y)Y,-y,  1%(0)=0
The ODE Solver, with Err. Max = 1E-3,
steps = 50, length = 35, requires no more then 2‘2
4500 evaluation points and about 10 seconds for 5
producing the plot at the right. P
0.5 -
Observing the steps counter, you will note that the . |
stronger consumption of elaboration time happens .05 4 o 3 4
a the transition points (about 10, 20 and 30). 1
-15
-2
-258

Piecewise differential equations

It isvery common in practica situations have differential problems where the functions have different
definitionsin sub interval of the integration range (piecewise definition)
Example

il- x x<1
y+y=9(x) , y(0)=0 , where g(x) =1 for OEX£4
70 x31

The usual method for solving this problemisto divideit into 2 parts. we solve before the I eft part y1(x)
from 0 to 1 and then, we solve the second part y,(x) from 1 to 4 using the value y; (1) as starting val ue of
the second integration task. This method becomes quite tedious when there are many parts. RKF algorithm
can easily integrate this differential equation in one single task



& E C o
4 ¥ W ':..-' 1.2
5 0 0 1 1
& LFa5a1 1-45-85 B5) oo
7 b 2576 0 |
g 024 0136744 057IZEET ’ i
g 0.3z 0227702 0462293 ael ¥
10 0.4 025938 03406400
il 043 0252433 02375667 04 ]
ulk]
0.2 A
Insert in C5 the function = IF(A5<1,1-A5-B5, -B5) 0 !
o 1 2 3 4

, _ j2- x-e* x<1
Compare with the exact solution y(x) =]
f(e-2e* x31

Observe that the function g(x), in that case, has no discontinuity and therefore also the derivative y' has no
discontinuity.

Discontinue derivative.

Sometime the function g(x) may have finite discontinuities (jumps) in isolated points. This means that the
direction of y(x) may changes sharply (corner points). This situation, very difficult for may algorithms,
may be successfully solved by RKF algorithm. Discontinuity points of the derivative y'(x) abligate the
algorithm to heavy calculation like a stiff problem. Let's see the following example

11 x<5
y+y=9g(x) , y(0)=0 , where g(x) ={ . for O£ Xx£10
10 x35
A E [ ]
4 * ¥ W' 12
_ 5 | 0 0 1 alx]
— 8 [CF(&525,1-85 -B5) "Rl "
T = 12133
e 0F 0451133 0543302 81
o8 0.8 06B0ETE 04433283 Y
10 1 DE32121 0.3E7E7EF ’
o4 ] ux)
Insert in C5 the function = IF(A5<5, 1-B5, -B5)
0.z
Note that the max computation effort of the
agorithm happens during the transition of the point o o A o o p
X=5
Repeating with the function g(x)
12
il x£2Ux>4 e
g(x) =i
10 2<x£4
0.s 4
we get the following graph 06 |
Note that, in spite of the relative few points
around the transition instants x = 2 and x = 4, the 4
solution curve stays acceptable for al integration oz {4 el
range. \
Ju] 2 4 6 5 0




Non Linear System
Example. Solve the following non linear ODE systemfor O£t £5

IX=-xz-1 ix(0)=1
fy=x-yz  with {y(0)=0
Lz=x+y? 1z(0)=0
Choose a step grid of Dt = 0.1 and arrange a Set onthe check box [ 4
worksheet as the following. Now select the and click "Run". After few seconds, the table

range A4:G55 and start the macro ODE solver.  will be filled with the solution found

a [ B [ ¢ T o T E T F [ & | [ B ] [ o ] | [ &
sl v | ox [ v |2 | x| v [ & | sl t | o x | v [ 2 | w | v | e
5 | 0 1 0 0 D 1 1 = 0 1 0 0 D 7 1
R W 6| 01 099 009934 009967 -0.198 0.95015 099007
7 | o2 7| 02 03608 019476 019738 0.3844 092235 D.9E104
EREE 8| 03 09139 02827 029131 05689 083155 0M514
ERT [a| 04 0552 036021 037995 06533 0.71512 035564
0] 05 [0| 05 07783 042516 046212 07848 0.59175 078545

The plot of the solution x(t), y(t), z(t) are shown in the following graph

12

0.8

0.6

0.4 z

0.2+ ¢

-0.2

Compare with the exact solution

(=2 %)

, . 2(t) = x, tanh(xt) , where x, =1
cosh(x.1) snh(xp) | 20 =X tah0t) ., where X,



Non-Linear Electric Circuit

Sometime the differential functions may be quite complicate. We can use the worksheet for storage
intermediate results or set complicate auxiliary functions. Let's see the following electric problem

. - R=30W
R D C=100- F
— =T L=2H
R .---» L R R1= 1000 W/ 10 W
+ | ! E=1V
— C mmmm vV
ol

We study the electric transient up to 45 ms when R; = 1000 and 10 W
Thediode D is assumed idea

The non-linear differential system of the circuit can be written as functions of the current intensity "i"

flowing in the inductor and the voltage drop "v" of the capacitor.

gu_eRL -Uogu &Ly du _éu
g 8uc aw Bl B 84, &l
where the auxiliary functions a(v) and b(v), depending from v, are
i0 V<E i0 v<E
a(v) =i " b(v) =i 4
(RO V3 E TE(RC)" V3 E
A possible worksheet arrangement may be the following
A& | e | ¢ | ©o | E | The formulas for the matrix A are:
1 Ri R C L E
2 1000 | 30 Jooom [ 2 T 1 ] B5=-B2/D2,
3 C5=-1/D2
4| A b B6=1/C2,
= -13 0.3 0.5 C6 =IF(C9>E2,-1/(A2*C2),0)
_E | 10000 D D
% b i v i W The formulas for the vector b are:
9| i ] ] 05 ] _
SO 00 RgRaecECarDs I I Bg = Flrz(/c[:)92>E2 E2/(A2¢C2),0)
11 | 0009 = ' '
12| 00135 [-BE*B9+CE*CH+DE |
13| 0018
Thetabulating step is set to Dt = 0.0045 (100
erS) Differential Equations v' = F{x, ¥) Err.max
Select the range A8:E109 and start the macro. | Dol = | 0.0001
Observe that the macro works only in the cells of T Steps
row 9: precisaly it writesin A9 and C9 and reads [ asco I~ [ T
from D9 and E9, no matter how complicate the
formulas are for obtaining these values. Thisis one Starting values: x0, y0 Length
of the main advantage of working directly "on- | Asice =i | o4
worksheet”. vy

Clicking "Run", we obtain the following plot
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Aswe can seethisisaclassical underdamped circuit where the capacitor voltage oscillates largely around
its equilibrium final valuev(¥) =1

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Now let's repeat the anaysis after setting R; = 10. The curvesfor this caseisdrawn in the following
graphs

0.007
0.006
0.005
0.004
0.003
0.002
0.001

0

0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
Inductor current i(t) (R1= 10 ohm) Capacitor voltage v(t) (R1= 10 ohm)

The voltage capacitor reachesits final value without unwanted oscillations and in shorter time (settling
time @0.025 s). Thetransient evolves asin dumped case.



The Orbits

Another interesting problem is the integration of the motion equationsin a given strength field
For simplicity we restrict our examination to aradial planefield F = (F, F,) and abody of infinitesimal
dimension having massm = 1 kg.

1
Calling the coordinates of the position P = (x, y)and the velocity Y
V= (VX,Vy) , the motion equations are: v

X=v, , y=v, , v,=FE/m , v/'=F/m (1

A radial field can bewrittenas  F= f (r)[x/r , y/r]

wherethe "r" isthe distance from the origin r = /x> +y* and f(r) isasuitable scalar function
characterizing the field itself. For example f(r) =- k>r (elastic strength), f(r)=-Kk/r (distance
inverse), f(r)=-k/r? squaredistanceinverse.

Let'stry to solvethe differential motion in the three cases using the same initial conditions Po=(0,1),
Vo=(0.4, 0) and setting the same costant k = 0.4

First of all, prepare aworksheet as the following

A | B [ ¢ [ p [ E [ F [ e [H ] 1 ]
4 k. r Uy Uy Fir) Fu Fy
5 o4 | 1 [ o T 1 ] 04 ] o T 04 ]
i
7 t ® ¥ Wi ¥l = w! Wil vy
|8 | 0 0 1 0.4 0 0.4 0 0 0.4
19 | 02
|10 | 0.4
|11 | 05

where the cells contain the formul as:
B5 =SQRT(B8"2+C8"2) , C5 =B8/B5, D5 =C8/B5, E5 =-A5*B5, F5 =E5*C5, G5 =E5*D5, F8=D8 ,
G8=E8 , HB8=F5 , 18=G5

Set agrid of 50 steps with increment Dt = 0.2.
Select therange A7:158 and start the macro ODE solver. The solutions (x, y) appear in the ranges B8:B58
and C8:C58. Plotting one againgt the other gives the orbit of the body

F(r)=-k*r, 0£t£10 F(r)=-k/r, 0O£t£10 Frr)=-k/r? ,0£t£5

-
.




Notethat in the last case we have taken atime of 5 instead of 10 because the motion is faster then the
previous cases (the rotation is about twice then the first case). Note aso that the points near the origin
(0,0) are quite sparse while, on the contrary, the points distant from origin are very close. This means that,
in the last case, the velocity increases sharply near the origin and decreases far from it. Thisisjust what
happens in the orbits of the planets.

If we compute the scalar velocity |V |=, /vi + vi using the data of the columns D and E, we can compare
the scalar velocity of each case. Aswe can see, the graph evidences the "slingshot effect” of the third case.

: velocity
1.6 1 evi
14 1 my 2
1.2 1 v3

1 4
0.8 1 e O _-"'“-..-

| e

8:2 1 ;jw"""‘m‘“”%"ﬂﬂzwﬂ" ‘z‘m“."”:'“*“;;
0.2 -

0 | | | |

0 2 4 6 g tme 1p

Theinitial scalar velocity, as known, determines the type of the orbit. When the velocity increases, the
cyclic eliptic orbit becomes progressively more eccentric until it opensitself in aparabolic trajectory (V =
0.9). For higher velocity the trajectory becomes an open hyperbolic curve. All these very interesting
results can be easily simulated with the aid of the macro ODE solver

10
—e—V =0.8
—e—V =0.85
V=09
5 V =0.95
0 27 >
5 i
_10 ‘
-10 -5 0 5 10




Macro ODE Slope Grid

This macro generate and visuaize the slope y'(x) of a 1¥ ODE solution over arectangular domain.
It is didactically useful for studying the 1% order differential equation y'= f (X, y)

For example we have to study the following equation

y+y=e* P

y'=xe*-y

Therefore we have to plot the slope given by the bivariate function f(x,y) =€ *- y inasuitable
rectangular domain, for exampleinD ={-2£Xx£2,{-2Ey£2}

For using this macro, set the variablesx andy in
adjacent cells, for example 14 and M4

Then, in the adjacent right cell K4, insert the formula
defining y'. thus:

= EXP(-14)-J4

Select the range 14:K4 and start the macro ODE Slope Field

ODE-Solver x|

15t ODE - Slope Field Generator

Flx, v = I kK4 ;I Draw |
xy= | MM 1= 5 |
Axes | setting |

Scale mirt. max,

'
[
[pel

x|

v

'
)
ra

H | 1+ [ J [ K ]

M | B —

[=ExP(14)-J4 |

x y N feow)
| 1.75]  1.75]-1.576226]

Option Tab
Axes  oetking I
Grid | 15«

IV Dots

IV Axes

The Grid number, from 4 to 24, set the density
of the grid. The dots check box adds the grid
pointsto the plot. The axes check box adds the
X-y axes

In the Axes tab we can set the domain D and after that click the "Draw" button

The macro generates a graphical object showing

the slopey' of each point of the grid.

Every solution y(x) of the differential equation

follows the direction of the dlopefield. Therefore

thefield gives agloba view of the solutions
crossing the given domain.

For example, the solution crossing the point (0,0) is
y=¢€"x (redline)

We can see that this solution evolves following the
dopedirections. It never crosses the them any
point.
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Other examples of slopefields

-2xy D°{- 2EX£2-2£XED

y':
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About FD method

Many problems in science and engineering can be described mathematically by partial differential
equations with boundary (BC) and initial conditions (IC). The goal of the finite-differences method isto
replace continuous derivatives with difference formulas that invol ve only the discrete val ues associ ated
with the position on the mesh.

Grid, Mesh and Cells

In FD method the continuous differential equation
isreplaced with discrete formulas. So the solution
isknown only at the cross of arectangular grid
(mesh). Each intersection point (knot) takes a
numeric vaue.

Trandating in the language of the spreadsheet we
can say that each cdll represents aknot of the mesh
and the entire range corresponds to the mesh itself

Spreadsheet range FDO mesh

058 018 001 0.54
015 013 0.26| 0.55
095 037 063 073
021 075 063 0.M
014 065 036 053

Each cell contains the discrete solution of the correspondent knot. Aswe can seg, for rectangular mesh, the
similarity isvery tight, so it is natural to think to apply the power of the spreadshest tool to the FD
method.

In this context the word “ discrete” means that the numerical solution isknown only at afinite number of
pointsin the physical domain. The number of those points can be chosen by the user. In general,
increasing the number of points not only increases the resolution (i.e., detail), but aso the accuracy of the
numerical solution.

The mesh isthe set of locations points where the discrete solution is computed. These points are called
nodesor knots. The key parameters of the mesh are Ax and Ay - the local distance between adjacent
pointsin space - and At - the local distance between adjacent time steps. The steps of both axes are
uniform throughout the mesh.

X=(-1)Ax,j=12.N yi=(-)Ay,i=12.M (for x-y mesh)
x=(-1)Ax,j=12.N t=(@-)At,i=12.M (for x-t mesh)
We assume to write the continuous solution evaluated at the mesh point as
T y)=TGa,j) or T(t,x,)=T({,j)

There is ardationship between the discrete solution and the va ues of the spreadsheet cells, as shownin
the following figure

T i1 1 J*1

-1 Tii-1,3-13 | TQ-1, 0 | Tii-1, 510
[ T(h, §-1) T | T+
i+1 Tiil, §-1n | Tkl iy [ TeikL, j+10

It is common use to rename the cells around the central cdll (i, j) following the "Cardinal Points' rule. That
is: Taw s Tw, Tows T, Ts, Taes T, T The central pOl ntiscaled To
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The basic idea of the finite-difference method is to replace continuous derivatives with so-called Finite
Difference that involve only the discrete values associated with positions on the mesh.

Applying the finite difference method to a differential equation involves replacing al derivatives with
difference formulas. In the heat equation there are derivatives with respect to time, and derivatives with
respect to space. Using different combinations of mesh pointsin the difference formulasresultsin
different schemes (FTCS, Lax-Wendrof, Upwind, Crank-Nicolson, Euler etc.)

The reason of so many schemesisthat each partial differential equation problem has different
mathematical and physical behaviours and requires a dedicated schema. Different classes of equations
have different requirements for their boundary and initial conditions. Hyperbolic and parabolic equations
have open boundary in the time domain. Conditions specified at t = 0 are called initial conditions.

Parabolic equations require oneinitial condition and two boundary conditions.

Hyperbolic equations require two initia conditions and two boundary conditions

Elliptic equations require boundary conditions at a continuous closed boundary.

The discrete approximation results in a set of algebraic equations that are evaluated (or solved) for the
values of the discrete unknown variables. Thusthe origina continue problem is transformed into alinear
algebraic system, often tridiagonal that can be solved with many popular efficient agorithms.

For simplicity, we will only consider second order partial differential equations with two variables of
which there are three different types. parabolic (diffusion), hyperbolic (wave), and elliptic (potential). For
each of oneit is possible to solve theinitial or boundary problem, with Dirichlet or Neuman condition.

The FDSolver isan add-in for Exce containing macros for solving numerically partial differential (PDE)
equations and ordinary differential equations (ODE) with the Finite Differences Method (FD).

The most part of the following documentation is extracted from the help on-line of thisadd-in



Partial Differential Equations

Basically there are three different types of second order partial differential equations with two variables:
parabolic (diffusion), hyperbolic (wave), and elliptic (potential). For each of oneit is possible to solve the
initial or boundary problem, with Dirichlet or Neuman conditions.

Parabolic equation

This equation, known as the "heat equation” or "diffusion equation"”, describes how the temperature along
ameta bar evolves with time.

This problem is solved by the function T(x, t) which satisfies:

1T _, 17T
—=k_——
It q x

between O£ X£ L 4 A

With the following boundary condition (BC)
TOt) =Ty(t) , T(L)=T.(t) T, &) 0

And the following initial condition (IC) x
T(x0) = f(x) 0 flx I

L 4

Hyperbolic equation

This equation is known as the "wave equation" and describes, for example, the propagation of
electromagnetic waves.

This problem is solved by the function W(x, t) which satisfies:

"W _ , TW
T I

between O£ X£ L A *

With the following boundary condition (BC)
W(O.1) =Wy(t) , W(L,t)=W(t)

W, () W)

And the following initial condition (IC) x
W(x,0) = f(X) 0 Fix L

L J

Elliptic equation

This equation is known as the potentia equation and describes, for example, the electric potential dueto a
charge distribution.

This problem is solved by the function U(x, y) which satisfies:

UCIREY

0 1y =q(x,y) Poi sson equation
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L aplace equation
1'|' XZ ﬂ yZ

Where the point (X, y) belong to aregion of the plane

For arectangular region we have Y Uy (x)
OExEL, , OEYyEL, Ly
For this problem we give only boundary conditions (BC)
. For arectangular domain we have Uply) Lgly)
UG,y)=Uy(y) » U(L.y)=Ue(y) x
U(x0)=Ug(x) , U(xL,)=Uy(x 0 Uglxy I

In polar coordinates these equations are transformed into the following

2 2 . .
ﬂU2 +lﬂ+%ﬂg =q(r q) Poisson polar equation
qr r i r°9q
U 19U 19U _ ,

-+ =0 Laplace polar equation

T2 rfr r?99°

Boundary and Initial Value Problem

In problem involving the time domain as in parabolic and hyperbolic equations we have to specify one
initial condition, generally speaking afunction f(x), to get a unique solution.

Thiskind of problemis called I nitial Value Problem (IVP) or also Dirichlet's problem

In problem involving the space finite domain asin éliptic equation we have to specify additional
conditions, generally speaking one or more functions f(x, y)=0, at the border of the domain itself. Such a
problemis called Initial Boundary Value Problem (I1BVP).

The condition imposed at the solution functions U(X, y), T(x, t) or W(x, t), are called
Dirichlet Condition

The condition imposed at the partia derivatives of the solution functions are called
Neuman Condition

Dirichlet Condition: i.e. U(x,0) = const
Neuman Condition: i.e.  fU(x,0)/ x =f(x,y)



Often, in the same problem, we can use a mix
of both conditions

In a spreadsheet model, bondary and initia
condition can be set simply by coloured cells.
For Dirichlet condition fill the coloured cells
with values. Leave them empty if you have to
impose Neumam condition to zero.

At the border of the selected uncoloured area, if

any, the derivativeis dways set to zero

It isalso possible to modd other bidimensiond
shapelike"T", "L", "H", "U" etc. Simply colour
the cells that you want the macro not to change

Axes Scales

T=10

O O O O O O O

10

10

10

10

44
254
166
1.34
1.06
043
0.493

G.77
4 61
326
244
1.96
1.73
1.73

7.3
3455
413
318

25
232
232

Va3

4457
356
243
262
262

dT/dx =0

dTédy = 0

P2 P P3P = — o

o o o O O

Usually in Finite Difference method axes scales are equal. This greatly simplifies the formulas. But
sometimeis necessary to set two different scale factorsfor the (x y) or for (x t) plane

The scale factor isdefined as dx = x,, - X . Practicaly is the step of the grid along one axe.

We can adjust the scale factors by the input field
of each macro. For default macros assume the
unitary step for both axes (dx = dy = 1)

i Ii
dy: I—

Macros can automatically detect the scale factor if we add externally the scale to the rectangular range of

the worksheet. Let's see how.

alElc|D[E[F[G|H[ I [J]k|[L[M[N]D]
1
2 45 W 0 W W 0 W W W 0
3 4 |0 25
4 35| 0 25
5 3| o 25
3 25| 0 25
7 2 | o 25
g 15| 0 25
a | ¥ 1|0 25
10 05| o 25
1l i 14 1 1 1 1 11t
12 00102 0304 05 06 07 08 08 1
13
1# G

Adjacent to the horizontal border
(indifferently top or bottom) add the scale
for x axes. Adjacent to the vertica

border (indifferently |eft or right) add the
scalefor y axes
Now select the domain range D2:N11 as
usual (do not select the scale) and start
the macro. The scale factor will be
automaticaly filled



Macros working rules

All the FDsolver macros follows simple rules for setting domain and boundary conditions.
We can specify the domain shape and the boundary conditions by coloured cells

We may set also the scale dx and dy (if not specified the macro assumesdx =1 and dy = 1)

Therules are:
The macro works only in the region that we have selected
Coloured cells are not changed by the macro and are used to specify the boundary conditions
Uncoloured cells are modified during the process
Uncoloured cell at the border of the domain are constrained with 1% derivative U/{x = 0 or TU/fy
= 0 (Neuman condition)



2D-Laplace

This macro solves the Laplace equation for a plane domain

2 2
1,1V _,

ﬂ X2 1-[ y2
The agorithm uses the central finite differences formula

_ R, +Ug) +h(U, +U,,)

Y 24nZ +h?)

Where scale factors hx and hy are: hx =dx, hy =dy

Ly
Uw | U | UE
Us

Heat Diffusion of a 2D Rectangular Workpiece
Assume a square bidimensiona plate having the temperature at each edge as indicated in the following

picture

Boundary Conditions

Dirichlet
T(x,00=0
T(x, 1) = 100
TO,y)=0
T(1,y)=0

Let's begin to build the worksheet model. We divide the areaiin little cells. Each cells will be an own
temperature. Assume, for clarity, to divide the planein 8 x 8 cells. More fineisthe grid, more accurate
will be the model. If we like we can aso to choose arectangular grid like (8 x 16) or (16 x 32), or (20 x
30). If we choose a power of 2 for both axes the macro activates the Divide-and-Conquer acceleration
(Turbo option). Usudly this option increase the efficiency of more then 3-4 times

aAlB|Cc|D|E[F[G[H[ [ J][K[L][M]

00 100 100 00 100 100 00 400

[ e Y e R e R e R s N e R
o oo o o o o o

We add the condition valuesinto the
cells at the border of the range and we
colour them (aswelike). These cells
will be unchanged.

(8 x 8) grid
Now select the entire range B2:K11

(coloured and uncoloured cells) and
star the macro 2D-L aplace



Partial Differential akr At ;
Equation Solver —_—t—=
g 3z 8_3}2

Solve 20 Laplace Equation
Finite Differences method with Gauss-Seidel algarithn

IERDE | $BF2iKE11] J

{10 109

dx: | 1 Iter, max: | 2000
dy: I 1 Rel. Errar; | 1e-5

v Tutho Divide-Conguer | e |
o Method Run :

Field dx, dy are the scale of the correspondent axes. In
that case the macro assumes the default 1 because it
has no information about it (we seein the next
example how to set different scales)

The box field Iter. max setsthe iteration limit

The box field Rel.Error setstherelative error limit
The macro stops itself when one of these limit is
reached

The macro has automatically detected the condition for
activating the Turbo option (the grid dimensions are
power of 2)

Note. Relative errors and iterations max are parameters
used only for stopping criterion. They do not increase
the global accuracy. For increasing the global accuracy
you have to choose amore fine grid.

Pressthe "Run" button and after few time all the cellswill be filled with the corresponding temperature

values T(i, j).

: AlBlCIDIEIFIGIHITIJIEILL  Themacrofillsal uncoloured cells.
2 00 100 100 100 100 100 100 100 .
N 0 | 485 GES1 745 773 73 T45 663 485| 0 At the bottom &l so the macro writes:
# 0 | 275 4455 536 576 G676 536 448 27E| 0

5 0| 72 me 3@ 47 47 3w wz| o0 Thetotd iterations: 104

_E | 0| M3 204 265 296 | 296 265 204 3| 0 The eaboration time: 0.01 sec
7 0| 748 | 1378 122 204 204 132 138 | 748 0 The averagerelative error: 2E-6
& 0| 485 8028 12 136 136 12| 903 485) 0

4 0 |29z 545 729 626 825 729 546 292| 0

10| 0 [ 137 2665 344 39 39 344 256 137 O

1| D0 00§00 ®

e

12 104 0.M| ZE-06

If we plot the surface of this matrix we obtain the 2D plot of the temperature function T(x,y)




Heat Diffusion of 2D Rectangular Workpiece with isolated edges
Assume to have the square bidimensional piece having the upper and lower edges at indicated
temperature. The two other edges are isol ated

T=100 °C Boundary Conditions

Dirichlet
T(x,0)=0
g=n £=u T(x,1) =100
ax g Najman
Tx(0,y) =0
Tx(1,y)=0

Where Tx = T/qx

Let's begin to build the worksheet model. We add the condition valuesin the cells at the top and at the
bottom of the range and we colour them (as we like). These cells will be unchanged.

Elc|l ol E|lF|lG|H] 1| J]k]|L |l c | o] EJTFIG[H[ 1T JgTE]

7| F

12 | 100 100 100 100 100 100 100 100 18 | 100 100 100 100 100 100 100 100
19 | 1 880 | 8289 9839 229 209|884 229 384
20 0 TTE| TR IR TR TTE|TTE TR TV
i 2 | 6.7 | BEBE BEEE BET BET | 6BT | BET BT
22 22| 556 | G555 G555 G666 G656 | 656 G556 B6.G
=l 23| 444 | 4444 44 444 444 | 404 444 444
2 4 cic e R c Rk Jicichoc ki B B ck S cic Re Rl R Rk ick:
5 | 25 | 222 | rp2r zre p ZeR|iez 2 ol
26 | 26 | Mmoo
27 | 0 0 n 0 0 0o 0o 27 | i i i [ T R
22 | 8

i 154 0.0T1 2E-06

Now select the entire range C18:J27 and star the macro 2D-L aplace
Pressthe "Run" button and after few time all the cells will be filled with the corresponding temperature
values T(i, j)



Laplace equation in irregular domain

Assumeto have anirregular plate having the edges at indicated temperature. The other edges at the
corners areisolated.

S

)

This problem seems complicated but becomes quite simpleif we use the following model.

ol E|] Fl G|l H][ 1T [ o] E][L[Mm][N]oO]

| 50

| 51 | 00 100 100 100

| 82 |

| 53 |

| 54 | o o
| 55 | o o
| 5E | 0 0
| 57 | 0 0
| 52 0 0
| 59 0 0
| &0

| BT

| &2 | B 200 20

| &3 |

Now select the range E51:N62 (coloured and uncoloured cells) and start the macro 2D-L aplace
Press the "Run" button and after few time all the cells will be filled with the corresponding temperature
values T(i, j)

oD | E| F || H] 1| Jg]lE]L|M]|N]| O]

_50

Al | 100 100 00 100

82 201 905 205 801

= 592 B2 B3| BaB

54 0 104 222 281 425 435 281 22z 4| 0
55 | 0 | 284 21 zes M2 oz 268 191 234 0
5B | 0 | a2l M3 o20a 233 233 200 143 raz| oo
BT | 0 | eoe| Me & 124 124 16 fE| 07| 0
5§ | 0 a2 W1 ¥ ® 1. ¥ 2 53 o0
B4 | 0 | 499 9ee f2@ 185 1655 128 9ge| 493 0
_ED | k2 BT 1EF B2

N 192 182 123 @z

B2 | o

_B3 |




2D-Poisson
This macro solve the Poisson equation over a plane domain

U U
ﬂ X2 1'[ y2

=a(xy)
The agorithm uses the central finite differences formula

WU, +Ug) +h2U, +U,)

U= 2z +1?)

wherethe scale factors hx andhy are:  hx=dx , hy =dy

LI

by
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s

Therange q(x, y) must have the same dimension of the integration range U(X,y). Practically: if the
solution range has (n x m) cells also the range g(x, y) must have (n x m) cells.

Let's see how it works with the following examples

Electric potential

Assume to have a plane capacitor inserted in aregion having a constant charge distribution s = 400°e..

Find the potentid distribution into the capacitance domain

+100 ]

The éectric potential equation is

TU 17U _ s(x) U 1°u
™ Ty e ™®

This problem can be approximated with the following model.

- 400

Dimensions: h=0.6m,w=0.7m
Battery: 100 V
Chargedensity : s =400:e C/m"2



AlEBEJc[DJEJF e[ HJIT][JIEJLM[N][aJF[a[R[s]TI1

5 U X v) q (¥, )

i

18 06 | 100 ] 06 | 400 -400 | -400 | 400 -400 | -400 | -400  -400
13 05 | 100 ] 05 | 400 400 | -400 | 400 -400 | -400 | -400  -400
| 04 | 100 ] 04 | 400 400 400 | 400 400 | -400 | 400 -400
1 03 | 100 ] 03 | 400 400 | 400 | 400 -400 | -400 | -400 -400
2 0z | 100 ] 02 | 400 400 400 | 400 -400 | -400 | -400 -400
=l 01 | 100 i 01 | -400 | -400 -400 | -400 | -400 | -400 | -400 | -400
o 0 | 1m0 i 0 | -400 -400 | -400 | 400 -400 | 400 | 400 400
5| o/ o1 02 03 04 06 06| OF 0| o1 02| 03 04 05| 06 07

The rectangular range at the right contains the value of the function q(x, y), that are constant in this case.
Now select the entire range C18:J24 and star the macro 2D-Poisson

You haveto fill theinput field g(x,y) with the range M18:T24 (ranges of U(x,y) and q(x, y) must have the
same dimension).

Pressthe "Run" button and after few time all the cellswill be filled with the corresponding values of the
electric potential U(X, y)

Fluid flow velocity in a rectangular tube
This problem find the vel ocity of aviscous incompressible liquid flowing in along tube with rectangul ar
section. The Poisson equationis:

Dv=s

v isthevelocity of fluid flow, and sis the pressure
drop per unit length divided by the viscosity of the
fluid. (Thisis caled Poisseuille flow.) x and y
represent different points in the cross-section of the
tube.

In this case s = -10 is constant in the section.

V|

The section dimensionsare: h=1m, w=3m

Assume the velocity at the boundary = 0

The numerical solution is obtained using the following range domain (at | eft) representing the tube
section. At theright is the range representing the s(x,y) distribution (constant in this case).

& | B | c | o| E|F | &[] H]|I J kL | m | N | o | P | @ |

L

[

B3| 1 o 0 ] i ] 0 0 | o TR T
B4| 03| o 0353 0426 04292 04261 0353 O 03 10 10 L 10 -0
CB5 | 0@ 0 0EIF2 07545 0.7794) 07545 06173 O 08 -0 10 -0 -0 -0 10 -0
CBE | 0OF| 0 08007 09875 10217 09875 08007 O LU - 10 -0 -1 -0 10 -0
CBF | 0B 0 08087 11266 11668 11267 04033 O 0 -10 10 -0 -0 -0 10 -0
CEE | 0| 0 09444 1729 12191 11729) 09444 O 0s 10 10 -0 -1 -0 10 -0
(B3| 04| 0 09087 11267 11668 11267 08088 O 04 10 10 -0 -0 -0 10 -0
70| 03| 0 08007 nseTe| 10212 0.987E 08008 O 03 -1 10 A0 | 0 | A0 10 -0
71 0z 0 e 07646 07795 07646 0EWE 0 nzi -1 10 SLLLI I L 10 -in
Tz | | o 0353 04261 04292 04261 0353 O AT L | 0.
13 | al o 0 0 a 0 0 0 ol -0 -10 a0 | a0 a0 | o -10
T | Y 1 15 2 g 3 i 05 1 15 z 25 E]
75

Note that, externally at the integration region, we have added both the scales x, y.



If we perform a surface plot of the region B63:H73, we get the following graph showing the velocity of
the fluid into the section

2D Laplace Polar
This macro solves the Laplace equation in polar coordinates over arectangular plane domain

2 2
T +1ﬂu +iﬂu =0
r* rqfr r?9q°

Thisis useful when the original domain is circular or semi-circular. In those cases the transformed domain
will be rectangular
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We can specify the rectangular domain and the boundary conditions by coloured cdls
We can set also thescale dr and dq (if not specified the macro assumes dr =1 and dq =1)



Rules are:
The macro works only in the selected region
Coloured cells are not changed by the macro and are used to specify the boundary conditions
Uncoloured cells are modified during the process
Uncoloured cell at the border of the domain are constrained with 1% derivative equal to zero

The agorithm uses the central finite differences formula

1 LI
Uy =@t b, ey, +d ) owl 0 e
Us
where:
EQ _ & EQ 2,2 12 —h2 —h2
a= h]rgr+25 = g 2 2(th +h,) c=h d=nh

Let's see how it works with same examples

Heat diffusion in a circular domain

We have the circular shape of the figure. The -
internal border has the radius of 8 m and the
temperature of 0 C°, while the external border has Te ()

the radius of 15 m and atemperature profile T(q)
given by the following table

0| 45| 90| 135] 180| 225| 270| 315|deg
T | 1o0| 97| 95| @0| 85| &s5| =0| @s5(°C R.=15
: R|:B

In polar coordinates the give problem can be easily modelled with the following rectangular domain

A [ Bl c [ D[EJTFTG[HT]T T[] J] Note that we have added the angle
] scales both in deg and rad for

_34 | 380 B283] 100 o clarity. The macros use only one
35| 315| c4om| 95 o scale: the nearest one to the left
L3 | 70| 47izl 90 0 border. In this case the scalein
87| el zar|  osm 0 radiant

a8 120 2.142 ot 1]

(33| 1| 23ge| @0 o You can insert or changes axes
40| a0 15Rif  eE o parameters also in the macro panel
# |  a|ors| 97 o but this way is more simple and
42 | 0 0| too o clear

4 T g El 10 11 12 13 14 15

44 | rad|an radivs, — 1 *

Select the range C34:J42 and start the macro 2D L aplace polar.



If we have arranged the worksheet as

6p I
- E above, al the entry-field will be filled
{il= | 0,78539516

correctly. In particular the increment
intervals dr and dg

and the starting point (r ol )

—
—

Press"run" and all the cellswill be automaticaly filled. The final result is shown below

a | B | ¢ | o | E | F | & | H | 11 4|
| 32 |
| 34| 360 2832 100 $1.059) 64227 4907 | 35276 22E11] 10,893 0
| 35 | 35| 54978 95 F7A9C| B1.269 46,864 33715 21621 10424 0
| 36 | 270| 47124 A0 73,148 | SE06E | 44423 31,963 20,493 98835 0
| 37 | 25| 397 8L E9.216| GEOZ| 42,13 30,332 1946 93847 0
| 38| 130 31416 80 B9.216| GEOZ| 42,13 30,331 1946 93245 0
| 33| 135 2362 a0 F3.144| SBOET| 44417 31,908 20,496 98219 0
| 40 | an| 15708 95 FFAF| BLAFY) 4E.FFF| 3DE44) 21EFZ 104 0
| 4 | 45| 07854 97 FB.843| 2008 47879 34448 22092 10EC1 0
| 42 | 1] 0 100 21059 E4.227 | 4907 | 3CEFE | 22EL1] 10,899 0
| 43| 2 q 10 11 1z 12 14 15
44 | deg T radian T

Heat diffusion in a circular domain with constant temperature
This problem, aparticular case of the previous example, is represented in the following schema

This problem has aradial symmetry. Therefore the temperatureis

independent from the angle. The temperature function can be
expressed by the following close formula

L Tt o

It can be used for result comparing

T(r)=

: R|: g

The spreadsheet model with the complete result is

Al Bl c | ob| E | F | & | H | 1 | g | & |
| 23 |
| 24 | 360 G283 100 §2.002] 67.814) 54063 41508 20961 19268 9.3127 i
| 26 | 330 67E 00 82002 G713 B4063 41509 20861 19268 93128 i
| 26| 200 G236 100 §2002 67.813 B4063 41505 20961 19268 93123 ]
| 27 | 270 472 100 §2002 67.813 54063 41508 20961 19268 93123 ]
| 28 | 240 4389 100 §2002 67.813 54063 41505 20961 19268 9.3123 ]
| 23 | 210 3665 100 §2.002 67.813 G4063 41508 20961 19268 9.3128 0
| 30| 130 3M2 100 82002 67.813 B4063 41509 20961 19268 93128 0
| 3 | |0 218 100 §2002 67.813 54063 41508 20961 19268 93123 ]
| 32| 120 2094 100 §2002 67.813 54063 41508 20961 19268 93123 ]
| 33| a0 157 100 §2002 67.813 54063 41505 20961 19268 9.3123 ]
| 34| B0 1047 100 §2012) 67.813 54063 41508 29961 19.268 9.3128 ]
| 35 | 30 0524 100 g2.002 67.814 54063 41508 20961 19268 9.3128 0
| 36 | 0 0 00 82002 G784 B4063 4151 20961 19268 93129 i
ar 8 a 10 1 1z 13 14 15 16
o




Aswe can seetheinternal thermal distribution is constant along the vertical axis (the angle), and changes
only along the horizontal axis (the radius)

Laplace polar equation over a full circular domain
The Laplace equation is not defined for r = 0, therefore we could not integrate it over afull circle

because it contains the origin. Asthisdomain is very common, the macro can manage also domains
containing the origin: the value at the origin point is cal culated taking the average of the nearest points.
Let's see how it works

Assume to have to solve the following heat problem over afull plane disk.

Radius=1m
The distribution of the temperatureis

i0 0<qg<
(La)=i a=p
1100 p<q<2p

At the pointsO and p the temperature is assumed
the average between 0 and 100. Therefore:

T(L,0)=50, T(Lp)=50

The solution will look like the following

a | Blc|l ol E|l F|l G| H] 1] gl k]lL]|m®Mm[mwN

23 260 6283 50 50 50 50 50 50 50 50 50 50 50
24 330 BYE G0 6323 BEGE E014 E406 E242 T TREZ SB06 9202 100
25 3000 5236 B0 8553 E0O6 BE34 TG4 VES4 8192 8682 915 9501 100
26 2700 472 B0 5636 B246 BO3Z TiOO) FOI3 8402 8856 5273 JEH4 100
27 2400 4183 G0 5553 E0OE BE34 TG4 VES4 8192 8682 916 9501 100

28 2100 3.EED A0 5323 565G EB04 B406 B342 7331 FEEZ 8505 3203 100
29 1800 342 j211] 50 50 50 50 50 50 50 j211] 50 50
30 1600 ZE18 A0 4677 4344 3886 3654 363 2EE9 2118 495 TAH2 1}
H 120] 2094 A0 4447 3904 FIEE 2B3E 2AI6) 12.08 0 1313 9498 4085 1]
32 0] 157 A0 4366 3754 HER ZEN 2087 1583 144 T2T4) 2463 1]
3 E0| 1047 A0 4447 3904 FIEE 2336 2306 12080 1313 9498 4085 1]
34 30 0524 A0 4677 4344 3986 30594 3165 2669 2118 495 F.A2 0
35 0 1] 50 50 50 50 50 50 50 50 50 50 50
36 T 1] 01 02 03 0.4 [IR3] 0E oy n.# na 1

37 | deg rad o e

Select the range C23:M 35 and start the macro. The valuesin the cells C23:L.35 has been cal culated by the
macro. Note that the first column C23:C35 contains the same value because, redly, it represents the origin
pointr =0



2D Poisson Polar

This macro solves the Poisson equation in polar coordinates over arectangular plane domain
Itissimilar to the Macro 2D Laplace except for the function q(r No| ) at the right side of the equation

2 2
ALY )
qr r i r-9q
The agorithm uses the central finite differences formula
1 heh? Un
Uii:M(auiiﬂ"'b“ij-l"'cwiﬂj+d>Ui-1j)'ri YR Uw | U | UE
s
where
s h e
a=tir g+ 0 b=Hr gt - —2 c=h d=Hh’
g 25 25

M=2(r2+h2) 1 =1, +i- Dh

Poisson polar equation in a circular domain
A circular plate is uniformly heated while the internal and external boundaries are maintained at
temperature of 0 C degrees. Find the temperature distribution

: T,=0" Te=0°C
Ti=0°C
Re=24m
S --- Ri=1m
Heat source: Q =- 100 k
R.=12.4 wherek is the conductivity
i Fi=1

The Poisson equation is
DZT:(k? b DT =-100

Using the polar coordinates, the system can be modelled as the following spreadsheet.
At the left is shown the integration domain; at the right is shown the heat sorce function Q(r , q) (constant
in that case).



a, B c ol E[FIT G[HT 1T [ 4 |

EN

| 20| 360 6233 O 0
| 21| 315 5493 o i
| 22| =z 4F1z| O 0
| 23| =z¢ 3327 O i
| 24| 180 3142 0 0
| 25| 135 235 © i
| 26| 90 1571 © 0
| 27| 45 orss| o i
| 28 | 0 of o 0
| 29 | 1 12 14| 1E 18 2 22| 2
| 30 |deg Trad T radius,. ————

M| N a F o] R s T u W
SEOB.283( -100  -100 | -100  -100 | -100  -100  -100  -100
315 | E.493| 100 -100 | -100 | -100  -100  -100 | -100 | -100
270 4712 -100 | -100 | -100 | -100  -100  -100 | -100 | -100
2250 3927 -100 -100 | -100 | -100  -100 -100 | -100 ) -100
180 3442 -100 | -100 | -100 -100 0 -100  -100 | -100 ) -100
135 2356 -100 | -100 | -100  -100  -100  -100 ) -100 ) -100
q0) 1571 -100 | -100 | -100 | -100 0 -100 0 -100 | -100 ) -100
45| 0FE5) -100  -100 | -100 | -100 ) -100 ) -100 | -100 ) -100
0 0 -100  -100  -100 | -i00 | -100  -100 -100 | -100
T 1 1.2 1.4 1.6 1.8 2 2.2 2.4

deg rad radius ———

Select the range C20:J28 and start the macro 2D-Poisson polar. Fill the empty field Q(r , q) with the
range 020:V28 and press "Run". The result will look like the following

A | B | C | D] E|F | G| H] I | 4]
1 |
20| 3e0 B2E3) 0 13,75 217 | 2485 2387 192 1116 0
2l | 315 548 0 13,75 217 | 2485 2387 192 1116 0
22| ZFi4r1z] 0 13,75 217 | 2485 2387 192 1116 0
@3 | 2R 39EF| 0 13,75 217 | 2485 2387 192 1116 0
24 | 1E0| 342 0 13,75 217 | 2485 2387 192 1116 0
26| 135|235E| 0 13,75 217 | 2485 2387 192 1116 0
_2E | 90| 1571 0 13,75 217 2485 23.87| 19.2| 1116 0
_27 | 45| 0785 0 12,75 217 2485 22.87| 19.2| 1116 0
_ 28 | 0 of o 12,75 217 2485 2387 192 1116 0
_ 29 | 1 1.2 1.4 1.5 1.8 2 2.2 2.4
_ 30 |deg Trad T radius| ————

Note that, because of the radial symmetry, the temperature distribution is independent from the angle.




1D Heat Diffusion

This macro solves the mono-dimensional diffusion equation over a plane domain
This PDE is aso known as heat diffusion equation or also Fourier equation

m_, 17
—=k—
qt q x

We can specify the rectangular "x-t" domain and boundary conditions by coloured cdlls.
The macro assumes the following schema

. 3 Thetime axisliesin vertical whilethe x axislies
T T in horizontal
P B PO I The grid steps are the scale factors dx and dt
R D : The macro cal culates the steps from the scales
|1 1,5 | | set at the border of the domain. If omitted the

macro assumes dx = 1 and dt =1

e Notation:
=T(j {cx), n¥at))
The macro can use two different implicit formulas.
L 2( q) Th- 2T +T", - Th- 2T+ T
o g (dx)2 (cix)®

where:
q =1/2for Crank-Nicholson formula
q =1 for Eulerimplicit formula

The solution is found by the iterative Gauss-Seidel agorithm

Thermal diffusion along a bar
The extremes of ametallic bar, having alength L = 1, are maintained at 0 °C temperature. The
temperature profile along the bar at the initial timeis given. Find the therma evolutionfor 0 <t < 0.2

assuming adiffusivity constant k = 2
Boundary conditions
_ag @ 0
T(x,0) =sing™—x=+
el o

T(0,t)=0
T(L,t)=0 ' .

T=0C I I:IT:D'C

The problem can be modelled as shown in the foll owing spreadsheet
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At the beginning we insert the horizontal
scale x form 0 to 1 (G14:AA14) and just
below theinitial temperature distribution.
T(X, 0) =sin(pi*x)

Al theleft border Q15:Q35 weinsert the
constrain T(O, t) = 0 while at the right
AA15:AA35 theconstrain T(1,t) =0

Then we colour the cells G14:AA 14,
Q15:Q35 and AA15:AA35 to inform the
macro do not change these cdlls.

Finally we insert the time scal e at the | eft.

Now select the range Q15:AA35 and start the macro 1D Heat Diffusion.

PDE Solver 1

Partial Differential
Equation Solver

Solve 10 Heat-Diffusion Equation
Finite Cifferences method

2
or_, 0T

ot

B}CE

x|

scheme: I Crank-Nicolson

£l

Teob): | $o$isgesgss

(21 % 11)

-

dx I o1 Iter. max I G000

Rel. Error :

le-6

Insert the thermal constant k = 2 and eventually
select the scheme that you want: " Crank-Nicolson™
or "Euler implicit"

Press"run" and after awhiletheinterna cell of the
selected range will be filled with the values as
shown in the figure above.

Arranging a 3D surface graph with the
value of the range Q15:AA35 we get the
following three-dimensional plot showing
the thermal transient of the bar from 0to 0.2
SEC.

We note that the temperature tends to zero
with the time.



Thermal diffusion along a bar with insulated boundary

A metallic bar, having alength L = 1, has its extremes totally isolated. The temperature profile along the
bar at theinitial timeis given. Find the thermal evolution for 0 <t < 0.2 sec assuming a diffusivity
constantk =1

Boundary conditions T
—nd® 0
T(x,0) =sing™— X+
eL o
T.(0t)=0 , >
T (L,t)=0 I:I

The boundary conditions mean that thereisno heat fluxat x =0and x =L

The problem can be moddlled as shown in the foll owing spreadsheet

EE | AF | A5 | BH | Al | &J | AE | AL | AW | &M | A0 | 2F | ¢ ;
[ AF[AS[AHT AT A AT ALTAMI AN [ A0 | &P | The model is similar to the previous
13

14 0 01 02 03 04 06 08 07 0% na 1 exampleeccept for the coloured

15 o[ o 0308 053 0803 0850 1 0951 0803 0533 0309 0

6 | o0 034 0371 055 074 0364 0903 0364 074) 0557 037 03 cells.

17 | 002|042z 0472 057 0696 0793 0829 0793 0636 057 0472 0422 eqf

15 | 003] 0436 052 053 0674 0741 0767 0741 0674 053 052 0496 Inthat case we have |eaft uncolored
19 | 004| 0533 08557 0603 086 0708 0724 0706 068 0603 0557 0538 the border cells AF16:AF35 and

20| 005 0569 058 0612 0651 0682 0634 0682 0651 0612 058 0569

21 | 008 0589 0597 0613 0845 0666 0674 0666 0645 0618 0597 0559 AP16:AP35.

22| 007| 0602 0605 0622 064 0655 066 0655 064 0622 G035 0502 ;

23| 008 0612 065 0525 08537 0647 085 0647 0637 0625 0615 012 In this way the macro calculate these
24 | 03| 0613 0621 0627 0636 0642 0645 0642 0636 0627 0621 0K vaues assuming dT/dx = 0 at the left
25 | 0] 0622 0624 0523 053 0639 064 0639 0634 0623 0524 0522 -

26 | 00| 0625 0626 0629 0633 036 0638 066 0633 0629 0EZE 0625 and right borders.

27 | od2| 0627 0625 063 0533 0635 0636 0635 0633 063 0525 0527

23 | 03] 0629 0629 063 0532 0634 0634 0634 0632 06H 0523 0529

23| o) 062s 063 06N 0832 0633 0633 0633 0632 06M 063 0529

30| 05| 063 063 06N 0832 0632 0633 0632 0632 06M 063 063

3| o] 063 083 06N 0832 0832 0632 0632 0632 06H 06H 063

32| of| 063 063 0&N 0532 0632 0632 0632 0632 06H 063 06X

33| o] 063 063 06N 0832 0632 0632 0632 0632 06M 06H 06N

34| 0m| 063 063 06N 063 0632 0632 0632 0631 06H 063 06N

35 | 02| 06: 0631 06N 06N 0632 0632 0632 0631 06H 06N 06N

%

The 3D-dimensiona graph is
quite different from the previous
example. In that case, after a
short transient, the temperature
stabilizesitself around the value
of 0.63.




Thermal transient of a plate

A large metallic plate, having athickness L = 0.12 misimmersed into oil at 260 ° C. Theinitid
temperature of the plateis 38 ° C. Find the thermal evolution for 0 <t < 60 sec assuming a diffusivity
constant k = 4E-5 (m"2/sec)

Because the thickness of the plate is much lower respect to the other dimensions we can assume that al
thermal flux crosses the upper and lower surface. With this assumption the problem can beturned in a
mono-dimensional system having the x-axe along the thickness of the plate

Tm _ 17T
Koz
qit qt

‘s 60 C 260°C
Boundary conditions e Tt 1)
T(x,0) =38 ~ oz

T(0,t) = 260 -

T(L,t) =260 Ly
Te=260"°C

The boundary conditions mean that the surfaces temperature remains at 260 ° C for all the transient. The
initial internal temperature of the plateis 38 ° C. Of course for t > 0 the temperature of the plate evolves
until it matches the oil temperature.

Let's see how modelling this problem. We discretize the x-axis with a step of 0.015 m and the t-axis with a
step 5 sec. This means that we will get atermal profile sampled every 5 sec.

A|lB|c¢c|Dp|E|JF |6 [H] I [|J]K,]

5

5 | 0 0015 003 0045 006 0075 003 0105 012
7| o0 3w 3| 38 3\ I\ 33|/ 3| W/ 38
8| 5 za0 260
8| 10 za0 y 260
40| 15 260 (i 260
41| 20 260 260
42| 25 260 260
43| 30 260 260
14| 35 260 . 260
15| 40 280 260
8| 45 20 (sec) 260
47| 50 260 260
48| 55 260 260
48| B0 260 260
20

Now select the range B7:J19 and start the macro 1D Heat Diffusion
Insert the K = 4E-5 parameter and press "Run”
If you have chosen the Crank-Nicolson algorithm, probably the result will be like the following



o) 0013 003 0045 005 0073 oog) 0103 012

1] i 35 3 g 35 35 35 35 g
3 260 93313 31.929 #1633 39.734) 416333 51.929 935127 260
10 260 16022 85617 53473 43033 33473 83617 1602417 260
13 260 17926 11619 77436 B3372) 774338 11619 17926 260
20 260 19222 13584 99739 G7.245) 99.7894 13394 192222 260
23 260 20145 15225 11973 10544 118973 15225 201475 260
30 260 20911 16603 13744 1274 137443 16603 209113 260
35 260 M5E62 17503 15285| 14415 1528946 175303 | 215621 260
40 260 226 18544 166.31 13381 | 166309 15344 221.263 260
43 260 22618 19731 17336 17163 173337 19751 226173 260
a0 260 23047 20543 18587 18283 133.704 20343 230463 260
a3 260 23421 M233 19774 19261 197741 M2355] 234211 260
Gl 260 23745 21539 20363 20113 203632 21839 23745 260

g | [ [ | s [ [ [ [

Each row contains the function values T(x;) at each step timet; = (5, 10, 15... 60 sec). Plotting them, we have
the following thermal transient graph

7 |

///////ﬁ///
I
W\

Y,

1] 0.015 0.03 0.045 0.08 0075 003 0105 oz

Note that the curves are obtained by parabolic interpolation. Actually we have calculated the values by FD
only at the grid points. xi = (0, 0.015, 0.03, 0.045, 0.06...)



1D Heat Convection

This macro solves the mono-dimensional convection equation over a plane domain
This pdeisaso known as heat convection or linear wave eguation

m_

qt 9 x
We can specify the rectangular "x-t" domain and boundary conditions by coloured cdlls.
The macro assumes the following scheme

Thetime axisliesin vertical while the x-axislies

: : el i in horizontal
S I SO I The grid steps are the scale factors dx and dit
o Lo oo The macro calculates the steps from the scales at
iy i | the border of the domain. If omitted, the macro
assumesdx =1 and dt =1
i s Notation:
T = T(j {dx), n{dt))

The macro uses three different formulas.

T,'n+1 - Tjn a éTjr:ll B Tj".il Tjn+l B Tjr-‘lc,’l . .
=--@ + U Crank-Nicolson  unconditional stable

dt 2 6 dx dx g
Tj”*1 -7/ éTj”+1 - T u )
=-aé U Upwind stableforC<1
dt g dx §

T _afTi,-ThLu a’(dt) €
dt 26 & g 2

n n n N
Ty - 2T +T, U

& > a Lax-Wendroff stablefor C< 1
(G

@@ D

where C isthe so called Courant- number ¢ = aﬁ (Courant-Friedrichs-Lewy criterion: C < 1)
dx

The solution is found by the iterative Gauss-Seidel algorithm

Linear Convection of a truncated sine wave
Solve the following wave problem for t £ 0.8 sec

mw_

Tt 1 x s, T Tiz, 0.5)
a=1 Ir,'l "\“ —

T(x0) =sin(5p /2>x) 0£x£0.4

T(O,t)=0 I ; %

Attheinitial timet =0, thewaveis T(x, 0). For t > 0 the shape shifts dong the x-axis

The problem can be solved with FD method on the worksheet but it requires a quite larger domain in order
to appreciate the result.

In the following we see only alittle portion of the entire domain that isB11:AA91. It isdivided in agrid
with dx = 0.04 and dt = 0.01.
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1 036 0503 0555 03509 o o o o
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Tx, 0)

Inrow 10, at the top of the domain, insert the x-scale and, just below, in thefirst row of the domain, insert

the function T(x, 0) = If(x<0.4 , sin(2.5* pi*x), 0)

Fill thefirst column of the domain, B11:B91 with 0. Then colour the first row and the first column. This
obligates the macro do not alter these cells. Now select the range B11:AA91 and start the macro 1D- Heat

convection.
x
Partial Differential ar ar
Equation Saolver el

ai ax

Solve 1D Heat-Convection Equation
Finite: Differences method

scheme: I Lax-Wendroff LI

Tooti: | $BF1Lgaagal| =
{8l » 26)

de: | 0.04 Iter. max : I 1000
dt: I 0.01 Rel. Errar :I 0.0001

B | - |

Note that, with this grid, the Couran number C
=1* 0.01/0.04 = 0.25 < 1 satisfies the stability
criterion for every schema.

Insert the coefficient k = 1
and chose the schema that you want, for
example the Lax-Wendroff

Press "Run"

Try with different schema

Every row of the domain isafunction at the time. We can plot these functions, at different instants
(t=0,t=0.3) inorder to see how the wave propagates itself and comparing the calcul ated values with the

exact solution

T(x,t)=sin(Bp/2>(x-t)) 0£(x-1)£0.4

The better schema? Thereis not. Each algorithm has advantages and disadvantages. The Upwind seems
less accurate but it avoids the unwanted oscillations that could be raised by the two other algorithms.
Therefore you have to examine the result and decide what method is more adapted for your problem and

your scope.



Lax-"w'endroff

— T T T

We can solve the problem with a different agorithm in order to compare the result
Here the result with Crank-Nicolson scheme

Crank-Mizalzon

initial T(x, 0]

appros T(x, 0.3)

And here the solution obtained with the Upwind schema

Upwind

initial T[x, 0]

appras T(x, 0.3)

TR P




1D Wave

This macro solves the mono-dimensional wave equation over a plane domain

T _.T
qt2 -V q x2

We can specify the rectangular "x-t" domain and boundary conditions by coloured cdlls.

With the usud notation
i =i (ix{dx), n{ct))

The macro uses the following formula

. &dt('jz. ) . : . .
ntl _,,2 < n n n n n-1
jit=v ngTG (1" 2 ] j_1)+21 S explicit

The solution is found by the iterative Gauss-Seidel algorithm
Let's see how it works with the following examples

Wire oscillations
A wireof lenght L = 1, isfixed to its extremes. Itsinitial profileisf(x). Find thetransient for t £ 0.5

T _.1 |

ﬂtz =V ﬂxz * i S e
v=4

] (x,0)=f(xX)=6sin(p>x)- 3sin(4p >x) L

j (0,t)=0 L=1m

j (L,t)=0

The problem can be solved with FD method on the worksheet
In the following figure we see alittle portion of the entire domain, divided in grid having dx = 0.05 and dt
=0.0125. The entirerangeisB11:V51. Select it and start the macro 1D - wave

alelc|lolel Fla[H] ] vl k]l L]mMmIn|lolr|la|lr|l s | T ol v |w]|

3

T | 0 008 [N [IRH 0.2 025 0.3 035 04 045 0.5 055 06| 06 0T s 0.5 0.5 0.3 085 1
L a o -nE2 -1 =013 176 424 BE2 2 &856 163 B 416 2385 243 303 424 523 5.55 4.7 ar a
12 | oaes o i
13| noes [ 0
M| oosTs ] |T'(}{) = B*sin(a®)- 3 sin4 o) 0
Y a [
_ 16 | oosas (1] i
T 0 a [
18 | oosts ] i

Insert only the coefficents v*2 = 16 and click "Run”
After few time the problem is solved. Each row represents the wire configuration at the given time
The following plot shows some of these configurations at different instants



8 4

B 4

4 ——0
]

2 / n.025
———0O7S

i

— 0125
2] : 0, 0.3 04 0.5 06 0. 0, o4 035

Compare these results with the exact solution:

j (x,t) =6sin(p >X)cos(4p >t) - 3sin(4p >Xx) cos(16p °t)

The guitar string
A string of lenght L = 1, isfixed to its extremes. The string is pull at x =0.25 for d = 0.1 and then leaved

freefor t = 0. Find the successive positions of the string for O£t £ 0.25

v=4

i (x0)=f(x) ‘ ‘
i (0t)=0 ) nzs Lo N
j (Lt)=0

In the following figure we see alittle portion of the entirerange B11:V51. It isdivided in grid having dx =
0.05 and dt = 0.0125. Select it and start the macro 1D - wave

alelc| ol E[Fle[H[1T[J]K[L[M[N[o]lP[alR[s[TU]V][Ww

3

T | 0 005 0.1 .15 0.2 025 0.5 035 04 045 0.5 055 e 065 0.7 0.75 0.5 055 0.3 035 1
L 1) o o0z 04 006 005 01 003 003 00§ 007 007 008 005 005 004 007 003 002 001 0o il
i 0.m25 o ; o
13 | owes a a
T | oox| o [f6 = IFee=0.25, 205, 21167(10) | o
16| nos a a
_1& | ooeas ] ]
i 0,075 i} i}

Insert only the coefficents v*2 = 16 and click "run"
After few time the problem is solved. Each row represents the string configuration at the given time
Thefollowing plot showsthe string shapesat t =0 and t = 0.125
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Thefollowing plot showsthe string shapesat O£t £ 0.25 with step of Dt =0.025

015

014

0.05 4

-0.05

-0.1 4

015

Aswe can see, after atime of 0.25 s, the shape of the string is symmetric respect to the middle point
x=05
Compare these results with the aid of the following exact formula

¥

j (x)=8 5

o sin(2np )>sin(np xx)>cos(nvp )
n=1

Note that the above formulais expressed as an infinite serie. For computing numerically the function you
have necessarily to take finite terms. We suggest to take 10 terms at |east In order to have a good
appoximation.



Linear ODE (BC) with FD

The Finite Differences method can be used aso for solving ordinary differential equations with boundary
conditions. This macro solves the following 2™ order Linear ODE problem.

x £ XE X, ER &
y(x) =y o8
y(xz) =y, L
0.2 4
where the coefficients ao, a1, b can be 1 2
functions of the variable x D » 0s s
To get how this macro works see these examples
2" Linear ODE with boundary conditions
Solve the following differential equation with boundary conditions.
W2 8 AX+TX-2
y'- Yy =0
x+1 X+2 4x°+12x+8
with:
y(0)=0
y@®=0
The differential equation islinear of the 2™ order, having the following coefficients
8, = 8 o =- 2 -9 4% +7x- 2
X+2 x+1 4% +12x+8
In a spreadsheet prepare the following schema
BE | ¢ | D E | F | & Thefirst column contains the x values; the
i % ane) | anp) | beo ¥ ¥ ¥ column 2, 3, and 4 contain respectively the
% . ) [ 0 coefficients: a0(x), al(x) and b(x)
= 0.05] 39024 19048 1.7247
10 04| 38095 -1.8182) 1.2658 ) ] ]
11| 04s| avaoa 47391 nae2r The last three columns will contain respectively
% 021 26%4 1.6807 0509 the values of the unknown function y(x), the
4| 03| 34733 15385 00996 first derivatives y'(x) and the 2™ derivative y"(x)
15| 035| 3.4043 14815 03617
HlEd  o4f 3.3333) -1.4286] -0.6043 The area E8:G28 will filled by the macro except
17 045 326853 -1.3793 -0.8322
18| 05| 32 13333 105 the boundary cells (col_o_ured).
19| 055 34373 12903 12615 Put the boundary conditionsy(0) =0y(1) =0
20) 06| 30769 -1.25 -1.4703 into the first and last cell E8 and E28
21|  n08s| 30189 12121 -1 BTHE
22| 07| 2953 14765 -1.8924 )
23| o75| zaom | 11428 221112 Now sdlect the entire range A8:G28 and start
24 08| 28571 11111 -2.3386 the macro ODE-2 Linear BC
25| 08s| 2807 -1.0811 -2.5767
26| 08| 27585 -1.0526 25276
27| 08s| 27119 -1.0256 -3.0931
2a 1| 2EE67 -1 -3375 0




If you have arranged the worksheet as the above one, al the input fieldswill be correctly filled.
You only have to press "Run"

The plot of the solution functionsy, y', y" are shown in the following images
Compare them with the exact solution

y:g(xz_ X3)

The dot points are the calculated solution; the exact function is the pink line

solution yix

derivative y'()

derivative y"()




Linear ODE (IC) with FD

The Finite Differences method can be used aso for solving ordinary differential equationswith initial
conditions. This macro solves the Linear ODE problem of 1%, 2" and 3" order.

y''+a, y'+ta y'+a, y=b

Y(%) = Yo
Y'(%) = Yio
Y (%) = Yoo

Where the coefficients ao, a1, a2, b can be functions of the variable x

To get how this macro works see these examples

Linear, 1st order, differential equation with Initial condition
Solve the following differential equation.

y+ 1  _pcospx)
X+1 x+1

with
y(0)=0  0£x£4
The differential equation islinear of the 1% order, having the following coefficients

aozi b:7pCOS(p X)
x+1 x+1

In a spreadsheet prepare the following schema

& [ B [ ¢ [ b [ E ] Thefirst column contains the x values;
g X - cll 1 315415 ¥ - s The columns 2, and 3 contain respectively the
6| 02| osas ziis coefficients: ay(x) and b(x)
7 04| 07143 06534
526 052 otee The last two columns will contain respectively the
A0 1 05 -1 5708 values of the unknown functions: y(x) , y'(x)
1| 1.2| 04545 11553
12 1.4| 04167 -0.4045 . .
13| 15| 03846 na73e Thearea D.5:.E_25 will be filled by the macro
4] 18| 03571 08077 except theinitial cell (coloured).
15 2| 03333 1.0472 L . A .
18| 22| 03125 07943 Put theinitial condition y(0) = 0in thefirst cell
A7 | 24| 02941 n2855 D5.
hi: 26| 02773 026497
18 | 28| 02632 -06635 .
20| 3| 025 07854 Now select the entire range A5:E25 and start the
21| 32| 0.2381] -0.6051 macro ODE- Linear I1C
22 34| 02273 02206
23 36| 02174 0211
24 | 3.8| 02083 05295
25| 4 02 05253

If you have arranged the worksheet as the above, all the input fields will be correctly filled.
Y ou only have to press "Run"



| sp4s:9E325

The plot of the solution function y and y* are shown in the following images
Compare them with the exact solution

_sin(p x)
x+1

The dot points are the calculated solution; the exact function is the pink line

Note that we have intentionally adopted alarge step for putting in evidence alittle difference. If we reduce
the step grid the difference will be sharply reduced and the two curves will match perfectly.
The derivative function y' is shown in the following graph




Linear, 2nd order, differential equation with Initial condition
Solve the following differential equation with initial conditions.

} 6
y'+H(x+1) y+2y = =
y(0)=1
y'(0)=-2
OE£EXxXE4

The differential equation islinear of the 2™ order, having the following coefficients

6
a,=2 a-=x+1 b= 7
(x+1)
In a spreadsheet prepare the following schema
A B [ ¢ | D E| F | 6 The first column contains the x values; the
4| % | an ar b |y | ¥ Y columns 2, 3 and 4 contain respectively the

5 o 2 1 5] 1 -2 HP .

& s ST 111 2088 coefficients: ay(x), a;(x) and b(x)

7| o2 2 12 2894

% 33 ; 1 3 1215212 The last three columns will contain
0| os ST I respectively the values of the unknown
A1 0s 2 16 o0& functions: y(x), y'(x), y"(x)

12| orF 2 17 078

13 0.a 2 18| 0572 . .

ECAE 5 14 048 The area E5:G45 will be filled by the macro
15| 1 2 2| 0375 except theinitial cells (coloured).

16 1.1 2 21| 0309 R e f ;
Bl T Put theinitia conditions valuesinto the first
8| 13 2| 23 0214 cells E5 and F5.

Hal 1.4 2 24 0481

20 1.5 2 2.5 01354 .

21 15 IR Now select the entire range A5:G45 and start
22| 17 2| 27 0113 the macro ODE- Linear IC

23| 18 2 28 009

24| 18 2 28 0085

The plot of the solution function y and y' are shown in the following images
Compare them with the exact solution
1

x+1)

a

The dot points are the cal culated solution; the exact function is the pink line

* U
14 etact |
0.8 4
0. A
0.4 4
0.2 4




Linear, 3rd order, differential equation with Initial condition
Solve the following differential equation with initial conditions.

yey Yy = 4(x+1)e
y(0)=0

y(0)=0

y'(0) =2

0£XE8

The differential equation islinear of the 3 order, having the following coefficients

a,=1 a=1a,=1 b=4x+1)e"

In a spreadsheet prepare the following schema

AlB[ec[p] E [ F 6 [HII The first column contains the x values;

7 ¥ Jao @ a2 b |y ¥ ¥y The columns 2, 3, 4 and 5 contain respectively

g u} 1 1 1 -4 ] ] 2 HP .
5 o] 1 4 4 e the coefficients: ay(x), al(x), aQ(x). and b(x)
Ao oz 1] 1] 1] 282 The last three columns will contain
T B TR respectively the values of the unknown
3| o0s| 1] 1 1 213 functions: y(x), y'(x), y"(x), y"(x)
14| o[ 1 1 1 .0878
| IR The area F8:188 will befilled by the macro
47| oal 1 1 1 0183 except theinitia cells (coloured).
a8 1| 1 1 1 -2E4E
19 14| 1 1 1 o133 o " . .
20 12| 1] 1 1 oan Put theinitia conditions valuesinto thefirst
2] 13l 4 11 oa cellsE8, G8 and H8
22| 14| 1 1 1) 0385 ! ’
23] 15[ 1] 1] 1] o446

Now select the entire range A5:G45 and start the macro ODE- Linear I1C
The plot of the solution function y and y' are shown in the following images
The dot points are the cal culated solution; the exact function is the pink line

0.6

0.5 ~ | eRact

+

0.4 -

0.3 -~

0.2 -

0.1 4

Compare them with the exact solution



FD in Excel

The goal of the finite-differences method is to replace continuous derivatives with difference formulas that
involve only the discrete values associated with the position on the mesh.

The discrete approximation resultsin aset of algebraic equations that can be solved with iterative
approximate methods like Jordan or Gauss-Seidel or also with direct decomposition methods like Gauss,
LU, Thomes, €tc..

Both classes of method have advantages and disadvantages. Direct methods are usually faster, but iterative
methods are simpler and can be performed directly "on-site".

The iterative mode

The spreadsheet can perform iterative methods, but before that, we have to switch on the iterative mode
parameter. Activate the iterative modein Excel from the menu Tools/Options...

Stopping criterion. Usually the spreadsheet has two criterions for stopping the iterative process.

The max iterations limit (usually 100): the spreadsheet breaks the process when the number of iterations
has reached thislimit. We can restart the process simply pressing the F9 key.

The min changes limit (usualy 0.001): the spreadsheet ends the process when the changes of the cells are
less then this limit.

Wisualizza | Modifica | Generale | Passaggio I Elenchi I Grafico | Colore
Calcalo
% automatica " Manuale Calcola (F9) |
' Aukomatico escluso tabelle ¥ Ricalcola prima di salvare
Calc. docurmento |
v Iterazioni
MUrnero massimo: 100 Scarto consentita: ID.DDI

Manual Computing. Iterative mode is quite time consuming. Sometime, especialy for large range of
cellsit is preferable to switch off the automatic computing. In that case we will start the calculus by the F9
key.




FD Formulas

Assuming the "Cardind Points' rule, the cells around the central cell T(i, ) = To arecaled Tyw , Tw,
TS\N1 TN1 T51 TNE1 TE’ TSE

— n ;| om “
[ ME
= MW N MNE
i W 0 E “' E
1 SW 5 SE
S SE

Derivatives approximation. Following this rule we can write the simplest discrete approximation
formulas of thefirst partial derivatives. There are many formulas. Let's see.

First derivative of T(X, t), respect to X, evaluated at the central point

Ty(,)) @T(i,j+1) —T(>,j-1)]/2Dx =[Te—Tw]/2Dx (Centra Difference)

T (@,j) @T(@,j+1)—T(@,j)]/Dx =[Te—To] / Dx (Forward Difference)

T (i,])) @T(,j)—T(x,j-1)]/Dx =[To— Tw] / Dx (Backward Difference)
Why so many formulas? They have different uses. The central differenceis used inside the grid, when
both left and right cells are available. At the left of the grid the "W" cells does not exist, so we use the

forward difference. At theright, on the contrary, the "E" cell ismissing. In that case we use the backward
difference.

1]
1

e [T -

farward difference central ditterence | hackward difference
&
5
&

First derivative of T(X, t), respect to t, evaluated at the central point
Ty (i,)) @T(i+1,j)—T(-L1,j)] /2Dt =[Ts—Ty] /2Dt (Central Difference)
Ty (i,j) @T(i+1,j)—T(@,j)] /Dt =[Ts—To) /Dt (Forward Difference)
Ty (i,j) @T(,j)—T(3-1,j)] /Dt =[To—Tn] /Dt (Backward Difference)

Second derivative of T(X, t), respect to t, evaluated at the central point
T (i, ]) @[T(+1,§) — TG, )]/ De—[T(@0,j) — T(-1,))] / D}/ Dt =

:{(TS_ To) /Dt — (To_ TN) / Dt}/ Dt = (TS_ 2To + TN))/ th
Therefore
T (i ,]) @Ts— 2To + Ty))/ DY’

Second derivative of T(X, t), respect to X, evaluated at the central point
T (1,]) @[T(, j+1) — T(, )] / Dx— [T(i,j) — T(, j-1)] / Dx}/ Dx =

= {(TE_ To) /| Dx — (To - Tw) / Dt}/ Dx = (TE - ZTO + Tw))/ DX2
Therefore
T"xx (l ) J) @TE - 2TO + TW))/ sz



Second derivative of T(X, t), mixed, evaluated at the centra point
T% @, ) =TT, )X @{[T(i+1,)) - T(-1,})] / 2Dt }/Tx
@[T(@i+1, j+1) — T(i-1, j+1)] / 2Dt — [T(i+1, j-1) — T(i-1,j-1)] / 2Dt } / 2Dx
=(Tse = Tne— Tsw + Taw ) / (4Dt Dx)
Therefore
T% (0 ,]) @Tse— Tne— Tow + Taw ) / (4Dt Dx)

With those formulas we can substitute every partial differential equation with its discrete difference
equation involving only the discrete values of the grid

There are formulas for computing the partia derivatives more accurate that the previous them but they
involves values external to the 9x9 grid previous showed. These formulas are quite complicated and are
beyond the scope of this document.



Boundary conditions

There are three kind of boundary conditions
Dirichlet Condition: i.e. U(x,0) =const or U(x, 0) =f(x)
Neuman Condition: i.e.  fU/fix =const or qU/Mx=g(x,Y)
Robbins Condition: Mixed BC

Using the spreadsheet FD method we can provide all the above BC. Let's see how.

Dirichlet Condition. They are immediate to set because we have only to fill with the BC valuein the
appropriate cells

Example. Assumeto take a (6 x 8) grid with step Dx = 0.5, Dy = 0.5 and we need to impose the following

boundary constant conditions:

Dirichlet conditions

T= 100 constant BC
100/ too| too| too) 1o0] 100 100|100
0| 47.21| 63.98| 69.65| 69.65] 63.95| 47.21 o T(x, 5) = 100
T=0 0| 24.86| 39.02| 45.06 | 45.06 | 39.02| 24.86 o 7= T(x,0)=0
0| 13.22| 22.19| 26.47 | 26.47| 22.19| 13,22 o T(0,y)=0
y 0| 5.815] 10.04| 12.17| 12.17| 10.04| 5.815 o T(7,y)=0
0 0

1] 1] 1] 1] 1] 1]
~i T=0

BC can be also change with x or y or both. Here an example with both variable and constant BC

T=100 - 3% (% =71 Dirichlet conditions
variable and constant BC

100 gz 0 &4 &4 70 g2 100

0] 36,92 46,11 [ 47,68 47.68] 46.11| 36,92 1] T(x, 5) = 100 — 3x (x —7)
T=0 0] 19.56[29.65[33.51] 33.51| 29.65] 19.56 0 T=n T(x, 0) = x (7 —X)
0[11.66[19.42[23.01] 23.01] 19.42| 11.65 1] T(0,y)=0
W 0f7.751[13.32[16.11) 16,11) 13.32] 7.751 1] T(7,y)=0
1] ] 10 12 12 10 ] 1]

J—ox T=x (7 -}

Neuman Condition. This occurs when we impose the condition on the 1% derivative.
It can be congtant or variable. Let's see.
Assumeto imposethe BC {T/x = 0 to the right border of the grid. It means that

T/ @T(,0) —T(i,)]/Dx=0 P T(,0)=T(,1)

Therefore the first column must be equal to the adjacent onein order to satisfy the 1% derivative boundary
condition



T=100 Dirichlet and Neuman
f conditions. (Constan BC)

too) 1oof 1oof 1oo| 1oof 1oo) 100|100
78.5| 7a.5)77.88| 76.33] 72.98) 65.59| 47,57 ]
T(x, 5) = 100
dT/d= =0 || 57.63| 5763 56.7|54.47| 50.01| 41.52] 25.9 ] Tgx, 0;_0
37.68| 37.68) 36.62| 34.83) 31.07| 24.57| 14.22 ] SN
dT(0, y)/dx=0
y || 18.59[ 18,59 15.09[ 16.95] 14.87| 11.47| 6,422 ] "~
0 T(7! y) - O

0 0 0 0 0 i 0
| R

If wewant toimposethe BC dT/dx =1
ITT/x @T(@i,0 —-T(@,1)]/Dx=1 b T(i,0)=T(,1) +Dx

Therefore, we can calculate the bondary condition using the values of the second column plus the step
Dx =0.5.



PDE solving examples.

2D Laplace's equation

A square plate of dimension L = 1 m has the top border at 7= 4000 °C
the temperature of 1000 ° C. The other borders have a
temperature of 0°. Find the stationary plate temperature
T(X,y) . Thedifferential equation is

Txx + Tyy =0 =0T T=0%

with and OEX£1 and OEY£1
and with the following boundary conditions

T(x,1)=1000, T(x,00=0, T(0,y)=0, T(1y)=0

Let'smodel this problem building a (16 x 16) grid with Dx = 1/16 and Dy = 1/16

1A|B|C|D|E|F|G|H|I|J|K|L|M|N|O|P|Q|R|S|
2 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000

3 i] i]
4 o o
5 a a
& i] i]
7 a a
=] i] i]
o] o o
10| o i]
11| o i]
12| 0 i]
13 | o i]
14 i} i}
15 | o i]
1& | o i]
17| o i]
183 | o i]
19 a 1] a o 0 a o a a 1] a a 0 a o 0

20

The coloured cellswill be filled with the boundary conditions. They will not be altered by the iterative
process. On the contrary the internal white cellswill be used for approximating the solution of the PDE
problem. Note that in this case we have not added any axis scales. They are necessary only when they are
different each other.

For this problem we chose the 2™ center difference formula. Adopting the naming convention of the
"cardina points’, any 3 x 3 range of cells can be represented as

Th :
TW TD TE L=l
Ts -

T (i ,J) @Te— 2To + Tw))/ DX°

Ty (i, ]) @Tn— 2To + To))/ Dy?
T (i,))+ T (i,j)=0 P To=(Tw+Te+Ty+Tg/4

Orinanother smpleway: To=AVERAGE(Tw,Te,Tn, Ty



Now let's begin to insert the iterative formulain the | eft- A
top empty cell (seed). —i—
Copy the seed in the entire range of the white grid. From 2
thisinstant the spreadsheet begins to recalculate al the ;,
cells. For large grid it is convenient to switch off the B
calculation mode and press F9 again and again until the -
values look stationary.

e ]

4962 B90 FFD8 8@C4 BEZL BEFE BFES 2Bl 881 BFES QEFE BE21 B2E4 FFRS B90 4962
2942 442 e001 EF02 FIE P425 FREBE FEEL FEE FRRE AL FIE EFOE ROD 4848 2948
1322 3B42 4652 EB42.7 E94E5 E2BE E49 EERF EESF E49 E28E E945 G427 4EED B4 1982
1441 Zedd 2662 4235 492 EZF9 EBEOZ BEOS EEOS EEOZ E2FA 0 492 4395 2EEZ ZED4 11
1096 2087 2916 357 4062 441 4631 4728 4738 4631 441 4062 3EF 2916 2087 109K
SE7E 1eEZ 2342 2308 3247 3EEE 3874 2OFE 2970 374 JEEE 3347 2908 2342 16E2 fETE
E2.18 1322 1892 2372 7R 3036 3222 23l4 3214 3222 202E 2FEZ 2IFZ 1892 1322 ERdR
2267 2E0 ZEEZ 2744 2744 ZeEZ 2B0 22EF 1932 15232 10EE E4EE
42,94 2LgE 124 1571 1842 2048 218% Z2EE 226 2186 20432 1842 1571 124 SEZE 4294
3022 BEAR 9988 1269 1492 1663 IFFE 1837 1837 7B 1ERE 1492 1269 9988 RE9E ZE22
28 B48% 7962 1014 1194 1334 1428 1475 1475 1428 1334 1194 1014 FI62 G4ER 28
21,89 4294 6237 7Rl 9382 1049 1124 1162 1162 1124 10449 9382 7Rl 6237 4294 219
1661 3261 4741 B0 Fl4E 7993 8571 2364 2364 8EF1 7993 Y148 E0M3 4741 3261 1REL
1196 2248 2416 4361 5154 EFE9 6189 6402 6402 6189 G769 GS154 4361 3406 2343 11496
a4l 1B2 2242 2826 3341 374 4014 4153 4153 40014 3IF 3340 2826 2202 152 TR
i 6910 1229 Je4r 18239 1974 o oo4r d974 1829 J64r 1389 40 49 it}
1] i} 0 1] I} 0 1] I} 1] 1] I} 1] 1] I} 1] i}
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Example : Heat Diffusion of 2D Rectanaular Workniece

Each cell represents a solution point T(x; , yi). We can perform the surface plot of the above data table
getting the following characteristic 3D graph

mEG0-300
= 200-850
o 750800
O 700-750
OE50-700
O E00-650
0 550-600
O 500-550
O 450500
O 400-450
0 350-400
0300-350
0 250-300
0200-250
0 150-200
0100150
O50-100
o050

Changing the 3D view of the above graph (Elevation = 90, Rotation = 180, Prospective = 0) we obtain the
following contour plot

B 550-900
B 800-850
O0750-800
o F00-T50

a0

/

f CIES0-700
4

/

LRIl
TR

OB00-B50
0550600
O 500-650
———1 O 450500
= }r O 400-450
0 350-400
& L H I osooss0
0 260-300
= 0200-250
oi50-200
O100-150
] [ ‘O50-100
006D

L L

/
/
|
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1D Heat Diffusion
Assume the following didactical problem to solve
N = 21/a(Tf /M) - - > Wt =k Uy,
with k=1 , 0£t£t, , OE£X£1 and withthefollowinh boundary conditions
f(x,0)=sin(px), f(0,1)=0, f(1,)=0
We modd this problem with agrid of Dx = 0.1 and Dt = 0.01

e—

dx 0 o01f 02| 03 04 05 08 07 08 03 1] time

0.m
0.02
0.03
0.04
0.05
0.0&8

The cells coloured will be filled with the boundary conditions. The x-axisis at the top of the grid while the
t-axisis at theright, in descend order.

Let'sinsert the function =SIN(p x) in the second row and fill the first and the last column with 0.

After that our spreadsheet |ooks like the following

0.1 nz 0.3 0.4 0.5 0E n7v 0.8 043 firrie:

0.3090( 0.55¥2) 0.2030] 0.9511| 1.0000] 0.9511( 0.9090) 0.5872) 0.3030

d=

0.0
n.nz2
n.03
0.04
0.05
0.0&

DDDDDDDDl

L ) e e e e e

For this problem we adopt the Crank-Nicolson formulawitha =1

The parameter a depends on the coefficient K, and on the grid steps Dx , Dt , a = k>bt / Dx?

Substituting the values we have a = 0.01/ (0.1)> = 1 This parameter is necessary for building the schema-
matrix as shown above

Crank. Micolzon Method oL =1 [ & i[[l_ m} o ]
o ol o
1 0 1 e

1 4 1

How can we use the schema-matrix?. Let's see.

Adopting the naming convention of the "cardina points"’, any 2 x 3 range of cells can be represented as
the following



NW | N | NE
w | o E st g

Therefore the Crank-Nicolson formula can be written as
Up = [aUW + aUg + aUwyw + aUNE) + 2(1—a) UN] / [2(1+a)] = ( Uw + Ug + Uyw + Une ) /4

Orinanother simpleway: Ug=AVERAGE(Uy , Ug, Unw , Ung)

Now let's begin to insert the Crank-Nicolson formulain the letf-top T BT B
empty cell (seed). z ol warulmm
Copy the seed in the entire range of the white grid. From thisinstant y :'f’ o
the spreadsheet beginsto recalculate all the cells. For large griditis r
convenient to switch off the calculation mode and press F9 again and 3 SA3ILE L2
again until the values ook stationary. i
—_—
s ol o1 02 o3 o4 05| o[ o7 o8 o3 1| time

0| 0.3090] 0.5878| 0.8090] 0.9511] 1.0000] 0.9511| 0.8090] 0.5878] 0.3080 0 0

0| 0.2a02] n5329| 0 7335] 06623 09067| 0.8623] 07335| 0.5329] 0280 o nof

0| 0.2540] n4832| 0E651| 0.7818] 08221| 07818 06651| 04832] 02540 ol nn2

0 0.2302] n.4381| 0.6030] 0.7089] 0.7454] 0.708a] 0.6030| 0.4381] 02303 ol ooz

0| 0.2088] n3972| 0 5467] 0.6427] 06758] .6427] 05467| 0.3972] 0 20gs | nng

0| 0.1893] n.3602| 0.4957| 0.5827| 0.6127| 0.5827| 0.4957| 0.3602] 01893 ol oos

0| 0.1717] n3265] 0 4435] 0.5284] 05556] 0.5284] 04496 03285 01717 | nog

Each row represents a solution function U(x;) for each time step t;. If we plot these functions we have the
following pattern where each curve evolves every 0.01 sec

12

1.
//\

08 /m\
/_’H_R_‘-\

06 - m

0.4 4

0.2

0 .

0 01 02 03 04 05 0B 07 08 08 1

Note that these curves are obtained by parabolic interpolation.
By the FD method we have redlly calculated only the values at the grid steps. (dot points).



Thermal Transient

A large metdllic plate, having athickness of 1 cmisimmersed into oil a 80 ° C. Theinitial temperature of
the plateis 20 ° C. Find the thermal evolution for 0 < t < 8 sec assuming a diffusivity constant k = 0.05
(cm™2/sec). Because the thickness of the plate istiny respect to the other dimensions we can assume that
the entire thermal flux crosses the upper and lower surface. With this assumption the problem can be
turned in amono-dimensional system having the x-axis along the thickness of the plate

T=480"%
Tix, 1)

T=anre FLUIX - —FLLI}{

1em

The modeling differential equationsis

LI i

Tt e
with k=0.05 , 0£t£8 , 0£x£1 andwiththefollowing boundary conditions
T(x,0)=20, T(0,t)=80, T(1,t)=80

The boundary conditions mean that there the temperature of the surfaces remainsat 80 ° C for all
transient. Theinitial internal temperature of the plateis 20 ° C. Of course, for t > 0 the temperature of the
plate evolves until it matches the oil temperature

We can model this problem with agrid of Dx = 0.1 and Dt = 0.4

1] A 0.2 0.3 0.4 05 0E 0.7 0.3 0.3 1
oz 20 20 20 20 20 20 20 20 20 20

04 80 a0
0.3 80 &0
12 &0 a0
16 &0 &0

2 &0 20
24 80 &0
28 80 20
3280 &0
3E 80 20

4 &0 &0
44 80 20
4.5 &0 &0
B2 80 20
6 80 a0

& &0 20
E4 80 a0
3 80 &0
T2 80 a0
TE 80 &0

& &0 20

For this problem we chose the Crank-Nicolson formulawitha =2
The parameter a depends on the coefficient k, and on the grid steps Dx , Dt, a = kDt / Dx?
Substituting the valueswe have a = 0.05%0.4/ (0.1)*=2



This parameter is necessary for building the schema-matrix

Crank-Micolzon o = 2
- o 2 -2 2 Uy | Un UnE
El+o)| o 2 B 2 L by Wy I

From the schema-matrix we can derive the Crank-Nicolson formula

Uo = [(2Uw + 2Ug + 2Unw + 2Une ) —2Un] /6 = (Uw + Ug + Unyw + Une —Un) / 3

Now let's begin to insert the Crank-Nicolson formulain the A Ei | 001 | DD2 | DE3 [ F ]
|eft-top empty pell (seed). . . ' - T
Copy the seed in the entire range of the white grid. From this

1
2|
5] 04 e [EE33]
instant the spreadsheet begins to recalculate all the cells. For 4] 08 80
5
6|
s

large grid it is convenient to switch off the cal culation mode = [=E3+82:02:03.C2)73_|
and press F9 again and again until the values look stationary. '

0 01 0z 0.3 0.4 0.3 oG o7 0a 09 1
0 20 20 20 20 20 20 20 20 20 20 20
0.4 80 4293 2878 2341 2146 20893 46| 2341 2878 4293 g0
05 80 6349 4463 3283 2703 2534 V03| 3283 4463 6349 80
1.2 80  B4.F| 5296 4245 3565 3334 3563 42485 5296 647 g0
16 80 655 5724 49 4364 4175 4364 49 5724 B3S 80
2 g0 ¥0.13| 61.64 5453 5006 4355 5006 54353 B164 7013 1]
24 80 V205 6474 5911 5542 5414 5542 5811 6474 V205 80
24 g0 Y34 6753 B2E 0 598 S877 598 GRS Brad V34 1]
32 80 V462 B9.72 6589 634 6254 B34 6589 6972 V462 80
36 g0 ¥5.56| 7153 G339 6636 G566 6636 68539 Y155 75456 1]
4 80 VE36 T307 7047 G879 G522 GB5VI| YO4F T30V VG336 80

Each row represents the solution function T(x;) for each time step t;. If we plot these functions we have the
following pattern where each curve evolves every 0.4 sec

0
auJ e

70 -
£0 -
50
40 -
a0 -
20

0 01 0z 03 0.4 0.5 0E or 0.3 0.3 1

We see that after 8 sec the thermal transient is practically terminated
Each column represents the solution function T(t;) at each internal layer.
The following graph shows the functions T(t) for x=0.1, 0.2, 0.3, 0.4, 0.5cm






2"% order ODE - Boundary conditions

The Finite Difference method can also be used to solve a 2™ ODE problem with boundary conditions of
the following genera form

y' =X y,¥)  ¥(Xo) =Yo Y(X1)=Y1
Assume to have the following problem
XCy"+2xy' —2y=x*, y(1)=1, y(4) =1127/1376
The equation can be rewritten as
y'=f(x,V,Y) where f(x,y,y) =(1+2y/x*—2y'/x)
Theformula. First of all we get the finite difference formulas that approximates the derivatives

y"' @Yis1 — 2Yi + i)/ Dx’
y' @Yi+1— Vi) (2DX)

Substituting in the given equation we have
Yi = (Vi + Yia)2- W f(x, y, y)/2

For modelling this problem we choose a step of Dx = 0.2

Insert the boundary valuesinto thefirst cell B8 and last cell B23 (yellow cell)

Insert theformulasfory, y'and f(x,y,y") intothefirst uncoloured cells B9, C9, D9.
Note that the cells C8 and D8 remain blank.

Select the range B9:D9 and drag it down until row 22

# | B | ¢ | B | E | F

1 [Example of ODE solving with BC conditions Instantaneougy the computation begi ns.
2 | Xy +2xy' - 2y =%, y(1)=1 , y(4)=1127/1376 Press F9 again and again till the values stay
= unchanged.

4 |y" =Gy, y) = flony) =1+ 2940 - 2y

CR— 2 1 —

%Yl [:J'5t:‘7/|+1+\3"|-1:J OSh F(X.’YJY ) 7' W "_‘."' YI f(}{. Y- Ylj
— . . a8 | 1 1.0000

s X Y VA EA'S =N 1.2 04693 -2.1328 52065
g 1 1.0000 10 | 14 0.1468 -13104 30218
9 1.2| 4 0.3859 1-2.5000[._S.7027] 11 | 16 -0.0549 -0.8115 19714
10 1.4 1z | 1.8 01779 -04731 14159

% 16 [F1+2°B9/A92-2°CO/AT | 13 ] 2| 02443 02219 10998

1.8 14 22 02667 00213  0,9092

13 2 [51B10-B8)/(A10-A8) | 15 | 24 -0.2528 01482 0.7857
14 2.2 |=(E}1D+BB)Q.D_5*D9*(A9.A8)A2 | e | 2.6 -0.2074| 02979 0.7095
15 2.4 17| 28 01337 04343 06557
16 2.6 18 | 3| -0.0338 05615 06181

7 2.8 13 | 2.2 00909 06824 05912

g 3 20 2.4 02392 07996 0.5716
19 3.2 21| 26 04103 09115 05570
20 3.4 72 | 2.8 06038 10217 05459
21 26 23| 4 0.8190

22 3.8 24

23 4 0.8190




In the following plot we compare the approximate solution (dotted line), caculated by the FD method,
with the exact solution (pink continue ling)

y(x) = 135/(86x°) — 141x /172 +X° /4




Credits

FDsolver.xlawas born in the summer 2004 from the collaboration between our team and Chatchawan
Vongmahadlek, Thai engineer, that had developed a set of smart iterative methods to apply Excel to the
solution of PDE and ODE with boundary and initial conditions. The application was so brilliant that we
have dedicated many of our time to this very interesting topic. We have organized and integrated the
materia kindly gives us by Chatchawan and we have developed a set of VBA macros for solving FD
problem, hoping al this effort will delight same other people.
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